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PREFACE 

1%  TY  object  in  writing  this  Tract  was  to  collect  into  a  single 
volume  those  propositions  which  are  employed  in  the 
course  of  a  rigorous  proof  of  Cauchy's  theorem,  together  wdth 
a  brief  account  of  some  of  the  applications  of  the  theorem  to 
the  evaluation  of  definite  integrals. 

My  endeavour  has  been  to  place  the  whole  theory  on  a 
definitely  arithmetical  basis  without  appealing  to  geometrical 
intuitions.  With  that  end  in  view,  it  seemed  necessary  to 
include  an  account  of  various  propositions  of  Analysis  Situs, 
on  which  depends  the  proof  of  the  theorem  in  its  most  general 
form.  Tn  proving  these  propositions,  I  have  followed  the  general 
course  of  a  memoir  by  Ames ;  my  indebtedness  to  it  and  to  the 
textbooks  on  Analysis  by  Goursat  and  by  de  la  Vallee  Poussin 
will  be  obvious  to  those  who  are  acquainted  with  those  works. 

I  must  express  my  gratitude  to  Mr  Hardy  for  his  valuable 
criticisms  and  advice ;  my  thanks  are  also  due  to  Mr  Littlewood 
and  to  Mr  H.  Townshend,  B.A.,  Scholar  of  Trinity  College,  for 
their  kindness  in  reading  the  proofs. 


G.  N.  W. 


Trinity  College, 
February  1914. 
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INTRODUCTION 

1.  Throughout  the  tract,  wherever  it  has  seemed  advisable,  for 
the  sake  of  clearness  and  brevity,  to  use  the  language  of  geometry, 
I  have  not  liesitated  to  do  so ;  but  the  reader  should  convince  himself 
that  all  the  arguments  employed  in  Chapters  I — IV  are  really  arith- 
metical arguments,  and  are  not  based  on  geometrical  intuitions.  Thus, 
no  use  is  made  of  the  geometrical  conception  of  an  angle ;  when  it  is 
necessary  to  define  an  angle  in  Chapter  I,  a  purely  analytical  definition 
is  given.  The  fundamental  theorems  of  the  arithmetical  theory  of 
limits  are  assumed. 

A  number  of  obvious  theorems  are  implicitly  left  to  the  reader ; 
e.g.  that  a  circle  is  a  '  simple '  curve  (the  coordinates  of  any  point  on 
of-  +  y-=\  may  be  written  .r  =  cos  t,  y  =  sin  ^,  0  ^  ^  ^  27r) ;  that  two 
'  simple '  curves  with  a  common  end-point,  but  with  no  other  common 
point,  together  form  one  '  simple '  curve  ;  and  several  others  of  a  like 
nature. 

It  is  to  be  n(>tcd  tliat  almost  all  the  <liffieiilties,  whicli  arise  in  those 
problems  oi  Analysis  Situs  which  are  discussed  in  Chapter  I,  disappear  if  the 
curves  which  are  employed  in  the  following  chaptei^s  are  restricted  to  be 
straight  lines  or  circles.  This  fact  is  of  some  practical  importance,  since,  in 
applications  of  Cauchy's  Theorem,  it  is  usually  possible  to  employ  only  straight 
lines  and  circular  arcs  as  contours  of  integration. 

2.  Notation.    If  c  be  a  complex  number,  we  shall  invariably  write 

z  =  X  +  iy^ 
where  .r  and  y  are  real ;  with  this  definition  of  x  and  y,  we  write ^ 

x  =  R{z),    y  =  I{z). 

If  a  complex  number  be  denoted  by  ,:;  with  some  suffix,  its  real  and 
imaginary  parts  will  be  denoted  by  x  and  y,  respectively,  with  the  same 
suffix;  e.g. 

^-rt  ~  '^rt  ■'"  ^y a  } 

>  The  symbols  R  and  I  are  read  '  real  part  of '  and  '  imaginary  part  of ' 
respectively. 

W.  C.  I.  1 


2  INTRODUCTION 

further,  if  ^  be  a  complex  number,  we  write 

Definitions.  Point.  A  'point'  is  a  value  of  the  complex  variable, 
z;  it  is  therefore  determined  by  a  complex  number,  ;:;,  or  by  two 
real  numbers  (w,  y).  It  is  represented  geometrically  by  means  of  the 
Argand  diagram. 

Variation  and  Limited  Variation^-.  If  f{x)  be  a  function  of  a 
real  variable  x  defined  when  a'^x^h  and  if  numbers  .I'l,  x^^  ...  x^  be 
chosen  such  that  a^x^^x^ ...  ^ x^  ^ ^,  then  the  sum 

I  /(^i)  -f{a)  I  + 1  f{x^  -/(^i) !  +  I  f{x.^  -f{x.^  I  +  •  •  •  +  J  /(^)  -/(^n)  I 
is  called  the  variation  of  f{x)  for  the  set  of  values  a,  Xi,  x^,  ...  Xn-,  h. 
If  for  every  choice  of  x^,  x^,  ...  Xn,  the  variation  is  always  less  than 
some  finite  number  X  (independent  of  n),  f{x)  is  said  to  have  limited 
variation  in  the  interval  a  to  b  -,  and  the  upper  limit  of  the  variation 
is  called  the  total  variation  in  the  interval. 

[The  notion  of  the  variation  of  /(.t")  in  an  interval  a  to  6  is  very  much 
more  fundamental  than  that  of  the  length  of  the  c\xr\ey=f{x)  ;  and  through- 
out the  tract  propositions  will  be  proved  by  making  use  of  the  notion  of 
variation  and  not  of  the  notion  of  length.^ 

2  Jordan,  Cours  cf  Analyse,  §§  105  et  seq. 


CHAPTER   I 

ANALYSIS     SITUS 

§  3.    Problems  of  Anahjsis  situs  to  be  discussed. — §  4.    Definitions. — §  5.    Pro 
perties  of  continiia. — §  6.     Theorems  concerning  the  order  of  a  point. 
— §  7.     Main  theorem  ;  a  regular  closed  curve  has  an  interior  and  an 
exterior. — §  8.    Miscellaneous  theorems  ;  definitions  of  counterclockwise 
and  orientation. 

3.  The  object  of  tlie  present  chapter  is  to  give  formal  analytical 
proofs  of  various  theorems  of  which  simple  cases  seem  more  or  less 
obvious  fi'om  geometrical  consideration^.  It  is  convenient  to  sunnnarise, 
for  purposes  of  reference,  the  general  course  of  the  theorems  which 
will  be  proved: 

A  simple  curve  is  determined  by  the  equations  .v=x{t)^y=y{t)  (where  t  varies 
from  ^0  ^^^  ^)j  the  functions  x  (^),  y  (t)  being  continuous  ;  and  the  curve  has 
no  double  points  save  (possibly)  its  end  points  ;  if  these  coincide,  the  curve  is 
said  to  be  dosed.  The  07'der  of  a  point  Q  with  respect  to  a  closed  curve  is 
defined  to  be  ?i,  where  2Tr7i  is  the  amount  by  which  the  angle  between  QP  and 
Ox  increases  as  P  descril)es  the  curve  once.  It  is  then  shewn  that  points  in 
the  plane,  not  on  the  curve,  can  be  divided  into  two  sets  ;  points  of  the  first 
set  have  order  ±  1  with  respect  to  the  cur\'e,  points  of  the  second  set  have 
order  zero  ;  the  first  set  is  called  the  interior  of  the  curve,  and  the  second  the 
exterior.  It  is  shewn  that  every  simple  curve  joining  an  interior  point  to  an 
exterior  point  must  meet  the  given  curve,  but  that  simple  curves  can  be 
drawn,  joining  any  two  interior  points  (or  exterior  points),  which  have  no 
point  in  common  with  the  given  curve.  It  is,  of  course,  not  obvious  that  a 
closed  curve  (defined  as  a  curve  with  coincident  end  points)  divides  the  plane 
into  two  regions  possessing  these  properties. 

It  is  then  possible  to  distinguish  the  direction  in  which  P  describes  the 
curve  (viz.  counterclockwise  or  clockwise) ;  the  criterion  which  determines 
the  direction  is  the  sign  of  the  order  of  an  interior  point. 

The  investigation  just  summarised  is  that  due  to  Ames^ ;  the  analysis 
which  will  be  given  follows  his  memoir  closely.    Other  proofs  that  a  closed  curve 

1  Ames,  American  Journal  of  Mathematics,  Vol.  xxvii.  (1905),  pp.  343-380. 
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4  ANALYSIS   SITUS  [CH.  I 

possesses  an  interior  and  an  exterior  have  been  given  by  Jordan  2,  Sclioenflies^, 
Bliss ^,  and  de  la  Vallee  Poiissin^.  It  has  been  pointed  out  that  Jordan's 
proof  is  incomplete,  as  it  assinnes  that  the  theorem  is  true  for  closed 
polygons  ;  the  other  proofs  mentioned  are  of  less  fundamental  character  than 
that  of  Ames. 

4,  Definitions.  A  simple  curve  joining  two  points  z^^  and  Z  is 
defined  as  follows: 

Let'  x  =  a;  {t),     y  =  y  (t), 

where  ^(Q,  y(t)  are  continuous  one-valued  functions  of  a  real  para- 
meter t  for  all  values  of  t  such  that"  to^t  "^  T;  the  functions  ^^  (t),  y  it) 
are  such  that  they  do  not  assume  the  same  pair  of  values  for  any  two 
different  values  of  t  in  the  range  to<t  <  T;  and 

zo  =  X (to)  +  iy  (to),     Z  =  x{T)^iy  (T). 

Then  we  say  that  the  set  of  points  {x,  y),  determined  by  the  set  of 
values  of  t  for  which  ^o  ^  ^^  ^)  is  a  simple  curve  joining  the  points  Zo 
and  Z.     If  Zo  ^  Z,  the  simple  curve  is  said  to  be  closed^. 

To  render  the  notation  as  simple  as  possible,  if  the  parameter  of 
any  particular  point  on  the  curve  be  called  t  with  some  suffix,  the 
complex  coordinate  of  that  point  will  always  be  called  z  with  the  same 
suffix;  thus,  if 

to  ^  tr^"^^  %  T, 

we  write  ;^,.<")  =  x  (t/'^)  +  iy  (t,P'^)  =  x,P'^  +  V^- 

Regular  curves.  A  simple  curve  is  said  to  be  regulm^^,  if  it  can  be 
divided  into  a  finite  number  of  parts,  say  at  the  points  whose  para- 
meters are  #1,  #25  •••  tm  where  to%t^^t^__%  ...^t^^^T^  such  that  when 

■  Jordan,  Cours  d' Analyse  (1893),  Vol.  i.  §§  96-103. 

3  SchoenflieS,  Gdttingen  Nachrichten,  Math.-Phys.  Kl.  (1896),  p.  79. 

"*  Bliss,  American  Bulletin,  Vol.  x,  (1904),  p.  398. 

5  de  la  Vallee  Poussin,  Cours  d' Analyse  (1914),  Vol.  i.  §§  342-344. 

6  The  use  of  x,  y  in  two  senses,  as  coordinates  and  as  functional  symbols, 
simplifies  the  notation, 

'  We  can  always  choose  such  a  parameter,  t,  that  t^  <:  T ;  for  if  this  inequality 
were  not  satisfied,  we  should  put  t  =  -t'  and  work  with  the  parameter  t'. 

^  The  word  '  closed '  except  in  the  phrase  '  closed  curve '  is  used  in  a  different 
sense ;  a  closed  set  of  points  is  a  set  which  contains  all  the  limiting  points  of  the 
set ;  an  open  set  is  a  set  which  is  not  a  closed  set. 

9  We  do  not  follow  Ames  in  assuming  that  x{t),  y  (t)  possess  derivatives  with 
regard  to  t. 
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^,._i  %  t  ^  fr,  the  relation  between  a:  and  ?/  given  by  the  equations 
a;  =  aj(t),  y=y{t)  is  equivalent  to  an  equation  y  =  f{^v)  or  else 
x=<f>  {y),  where /or  <^  denotes  a  continuous  one-valued  function  of  its 
argument,  and  r  takes  in  turn  the  values  1,  2,  ...  m  + 1,  while  tm+i  =  T. 

It  is  easy  to  see  that  a  chain  of  a  finite  numl:)er  of  curves,  given  by  the 
equations 


.(A) 


(where  h-2=fiio-2),  «3=/2(^3),  •••  and  f\^  f-i-,  ...  are  continuous  one-valued 
functions  of  their  arguments),  forms  a  simple  curve,  if  the  chain  has  no 
double  points ;  for  we  may  choose  a  parameter  ^,  such  that 

x  =  a-\rt,     i/=/n(«+0>     <^3  — "  ^^^  ^4  — «,      a  =  «3-«2  +  ^2  — ^3  ; 

If  some  of  the  inequalities  in  equations  (A)  be  revei*sed,  it  is  possible  to  shew 
in  the  same  manner  that  the  chain  forms  a  simple  curve. 

Elementary  curves.  Each  of  the  two  curves  whose  equations  are 
(i)  y  =/W»  (-^-o ^ ^  ^ ^i)  and  (ii)  x=  <i> (y),  (yo^y^ yx\  where/ and  (^ 
denote  one-valued  continuous  functions  of  their  respective  arguments, 
is  called  an  elementary  curve. 

Primitive  period.  In  the  case  of  a  closed  simple  curve  let 
w=  T-to]  we  define  the  functions  .v(t),  y  (t)  for  all  real  values  of  t 
by  the  relations 

X  {t  +  noy)  =  .V  (t),     y  (t  +  noi)=y(t), 

wliere  n  is  any  integer ;  w  is  called  the  primitive  period  of  the  pair  of 
functions  a:  (t),  y  (t). 

Angles.  If  Co,  Zi  be  the  complex  coordinates  of  tw^o  distinct  points 
jPo,  P],  we  say  that  '  FoPi  makes  an  angle  0  with  the  axis  of  ^ '  if  ^ 
satisfies  both  the  equations^" 

cos  ^  =  K  (^j  -  i27o),     sin  ^  =  K  (yi  -  ?/o), 

where  k  is  the  positive  number  {{a^i- a^of +  (yi-yoy-}'~^.  This  pair  of 
equations  has  an  infinite  number  of  solutions  such  that  if  0,  0'  be  any 

10  It  is  supposed  that  the  sine  and  cosine  are  defined  by  the  method  indicated 
by  Bromwich,  Theory  of  Infinite  Series,  §  60,  (2) ;  it  is  easy  to  deduce  the  statements 
made  concerning  the  solutions  of  the  two  equations  in  question. 
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two  different  solutions,  then  {0'-6)/27r  is  an  integer,  XDOsitive  or 
negative. 

Order  of  a  point.  Let  a  regular  closed  curve  be  defined  by  the 
equations  x=^x{t),  y^y{t),  (to^t^T)  and  let  w  be  the  primitive 
period  of  w  (t),  y  (t).  Let  §  be  a  point  not  on  the  curve  and  let  P 
be  the  point  on  the  curve  whose  parameter  is  t.  Let  9  (t)  be  the 
angle  which  QP  makes  with  the  axis  of  cv;  since  every  branch  of 
arc  cos  {/c  (.Ti  -  ^o)}  and  of  arcsin  {K(yi-?/J}  is  a  continuous  function 
of  t,  it^Js  possible  to  choose  0(t)  so  that  0  (t)  is  a  continuous  function 
of  t  reducing  to  a  definite  number  ^(^o)  when  t  equals  to.  The 
points  represented  by  the  parameters  t  and  t  +  w  are  the  same,  and 
hence  0(t),  6(t  +  w)  are  two  of  the  values  of  the  angle  which  QP 
makes  with  the  axis  of  a: ;  therefore 

0{t  +  w)-e(t)  =  2?l7r, 

where  n  is  an  integer ;  n  is  called  the  order  of  Q  with  respect  to  the 
curve.  To  shew  that  n  depends  only  on  Q  and  not  on  the  particular 
point,  P,  taken  on  the  curve,  let  t  vary  continuously;  then  0(t),  6{t  +  ia) 
vary  continuously;  but  since  n  is  an  integer  n  can  only  Yaxy per  saltus. 
Sence  n  is  constant". 

5.  CoNTiNUA.  A  two-dimensional  continuum  is  a  set  of  points 
such  that  (i)  if  Zo  be  the  complex  coordinate  of  any  point  of  the  set, 
a  positive  number  8  can  be  found  such  that  all  points  whose  complex 
coordinates  satisfy  the  condition  | ;:;  -  ^o  I  <  ^  belong  to  the  set ;  8  is  a 
number  depending  on  Zo,  (ii)  any  two  points  of  the  set  can  be  joined 
by  a  simple  curve  such  that  all  points  of  it  belong  to  the  set. 

Example.     The  points  such  that  \z\<\  form  a  continuum. 

1^  This  argument  really  assumes  what  is  known  as  Goursat's  lemma  (see  §  12) 
for  functions  of  a  real  variable.  It  is  proved  by  Bromwich,  Theory  of  Infinite 
Series,  p.  394,  example  18,  that  if  an  interval  has  the  property  that  round  every 
point  P  of  the  interval  we  can  mark  off  a  sub-interval  such  that  a  certain  inequality 
denoted  by  {Q,  P}  is  satisfied  for  every  point  Q  of  the  sub-interval,  then  we  can 
divide  the  whole  interval  into  a  finite  number  of  closed  parts  such  that  each  part 
contains  at  least  one  point  Pi  such  that  the  inequality  [Q,  Pi}  is  satisfied  for  all 
points  Q  of  the  part  in  which  Pi  lies. 

In  the  case  under  consideration,  we  have  a  function,  <p{t)  —  6  {t  +  (a)  -  6  [t), 
of  t,  which  is  given  continuous ;  the  inequality  is  therefore  ]  0  (i)  -  0  (f)  \  <  e, 
where  e  is  an  arbitrary  positive  number ;  by  the  lemma,  taking  e  <  27r,  we  can 
divide  the  range  of  values  of  t  into  a  finite  number  of  parts  in  each  of  which 
I  0  (t)  -  0  (ti)  1  <  27r  and  is  therefore  zero ;  <p  (t)  is  therefore  constant  throughout 
each  part  and  is  therefore  constant  throughout  the  sub-interval. 
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Neighbourhood,  Near.  If  a  point  ^  be  connected  with  a  set  of 
points  in  such  a  way  that  a  sequence  (;::,(),  consisting  of  points  of  the 
set,  can  be  chosen  such  that  ^  is  a  limiting  point  of  the  sequence,  then 
the  point  I  is  said  to  have  points  of  the  set  in  its  neighbourhood. 

The  statement  '  all  points  sufficiently  near  a  point  t  have  a  certain 
property'  means  that  a  positive  number  h  exists  such  that  all  points  z 
satisfying  the  inequality    z-t,\<h  have  the  property. 

Boundaries,  Interior  and  Exterior  Points.  Any  point  of  a  con- 
tinuum is  called  an  interior  point.  A  point  is  said  to  be  a  boundary 
point  if  it  is  not  a  point  of  the  continuum,  but  has  points  of  the 
continuum  in  its  neighbourhood. 

A  point  2q,  such  that  l2o|  =  l,  i"^  a  boundaiy  point  of  the  contimuun  de- 
fined by  1^!  <  1. 

A  point  which  is  not  an  interior  point  or  a  boundary  point  is  called 
an  exterior  point. 

[f  (irt)  be  a  sequence  of  points  l)elonging  to  a  continuum,  then,  if  this 
sequence  has  a  limiting  point  ^,  the  point  ^  is  either  an  interior  point  or  a 
boundary  point ;  for,  even  if  f  is  not  an  interior  point,  it  has  points  of 
the  continuum  in  its  neighbourhood,  viz.  points  of  the  sequence,  and  is  there- 
fore a  boundary  point. 

All  points  sufficiently  near  an  exterior  point  are  exterior  points  ;  for  let  ^o 
be  an  exterior  point ;  then,  if  no  positive  number  h  exists  such  that  all  points 
sixtisfying  the  inequality  \z  —  ZQ\<Ch  ai-e  exterior  points,  it  is  possible  to  find  a 
sequence  (^„)  such  that  (n  is  an  interior  point  or  a  boundary  point  and 
1  f,j  — r^!  <2~"^;  and,  whether  ^^^  is  an  interior  point  or  a  boundary  point,  it  is 
possible  to  find  an  interior  point  (^^  such  that  i  Cn'-Cu  i  <2~";  so  that 
I  Cn'~%  I  <  2'~'S  and  2(,  is  the  limiting  point  of  the  sequence  (^  '■>  therefore  ^q  is 
an  interior  point  or  a  boundary  point ;  this  is  contrary  to  hypothesis  ;  there- 
fore, corresponding  to  any  particular  point  Zq,  a  number  h  exists.  The  theorem 
is  therefore  proved. 

A  continuum  is  called  an'-  open  region,  a  continuum  with  its 
boundary  is  a  closed  region. 

Example.     Let  S  he  a  set  of  points  z  {  =  x-\-iy)  defined  by  the  relations 

X^  <  X  <  x^,        y=f{x)  +  r  (1), 

where  f  is  one-valued  and  continuous,  r  takes  all  vabies  such  that  0</'<^,  and 
k  is  constant.     Then  the  set  of  points  S  forms  a  continuum. 

^-  See  note  8  on  p.  4. 
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Choose  e  >  0,  so  that 

26</<-?--2e    (2). 

Since  /  is  continuous  we  may  choose  8  >  0,  so  that 

1/0^0-/0^-^')  l<^ (2a), 

when  \x  —  o:'\  <  8.     It  is  convenient  to  take  h  so  small  that 

03^-\-h<X  <x^-h  (3). 

Then  x^^  <  x  <  a\  since  |  x—  x'  \  <  h. 
Also,  when  |.i^  — a''|<S, 

/G'iV^</(.^0</G'^')  +  ^ (3«), 

so  that  if  y  be  any  number  such  that 

3/'-e<3/<y  +  e (4), 

then  /(y)  +  /''-e<y  </(.r')  +  ^''  +  f  (4a). 

^  Adding  (2),  (3a)  and  (4a),  we  see  that 

f{x)<y<f{x)-\-h. 

Therefore  the  point  z=x  +  iy,  chosen  in  this  maimer,  is  a  point  of  the  set  S. 
Hence,  if  b'  be  the  smaller  of  S  and  e,  and  if 

\z-z'\<b\ 

the  conditions  (2a)  and  (4)  are  both  satisfied,  and  hence  z  is  a  member  of  the 
set.     The  first  condition  for  a  continuum  is,  consequently,  satisfied. 

Further,  the  points  /,  z"  (for  which  /^r"),  belonging  to  S,  can  be  joined 
by  the  simple  curve  made  up  of  the  two  curves  defined  by  the  relations 

(i)     x==x',       {y'  ^y^y'  +  r"-r'\ 

(ii)    y=f[x)+r'\       {x'  ^x^x"  or  x'^x^o:). 

Hence  /S  is  a  continuum. 
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6.  Lemma.  Any  limiting  point  Q  of  a  set  of  points  on  a  simple  curve 
lies  on  the  curve. 

Take  any  sequence  of  the  set  which  has  Q  as  its  unique  limiting  point ; 
let  the  parameters  of  the  points  of  the  sequence  be  ti,  t^^  ....  Then  the 
sequence  (t^)  has  at  least ^^  one  limit  r,  and  t^^r  ^T.  Since  ^(^j  y  (0  ^^e 
continuous  functions,  lim  .r  (^„)=.'<?(r),  lim  ?/(^,i)  =  ?/(r) ;  and  (.i'(t),  y  {t))  is  on 
the  curve  since  tf^^r  ^T;  i.e.  Q  is  on  the  curve. 

Corollary.  If  ^q  be  a  fixed  point  not  on  the  curve,  the  distance  of  Q^  from 
points  on  the  curve  has  a  positive  lower  limit  S.  For  if  S  did  not  exist  we 
could  find  a  sequence  (P„)  of  points  on  the  curve  such  that  Q(iPa  +  \<\QoPni 
so  that  Qq  would  be  a  limiting  point  of  the  sequence  and  would  therefore  lie 
on  the  curve. 

Theorem  I.  If  a  point  is  of  order  n  with  respect  to  a  closed  simjyle 
curve,  all  points  sufficiently  near  it  are  of  oi'der  n. 

Let  Qo  be  a  point  not  on  the  curve  and  Qi  any  other  point. 
Then  the  distance  of  points  on  the  curve  from  Qo  has  a  positive  lower 
limit,  8  ;  so  that,  if  (},,(l\  ^  i ^,  the  line  §o  Q\  cannot  meet  the  curve. 

Let  t  be  tlie  parameter  of  any  point,  P,  on  the  given  curve,  and  t 
the  parameter  of  a  point,  $,  on  (?oQi,  and  B  (#,  t)  the  angle  QP  makes 
with  the  axis  of  .r  ;  then  ^  {t,  t)  is  a  continuous  function  of  t,  when  t  is 

fixed;  therefore 

B  {ft  H-  (0,  t)  -  ^  (#,  t) 

is  a  continuous  function^"*  of  r;  but  the  order  of  a  point  (being  an 
integer)  can  only  vary  per  saltus\  therefore  ^(^  +  w,  t)  —  ^(f,  t)  is  a 
constant,  so  far  as  variations  of  t  are  concerned  ;  therefore  the  orders 
of  §0,  Q,\  are  the  same. 

The  above  argument  has  obviously  proved  the  following  more 
general  theorem: 

TheorExM  II.  If  two  points  Qoj  $i  can  he  joined  by  a  simple  curve 
having  no  point  in  common  with  a  given  closed  simple  curve,  the  order's 
of  Qo,  Qi  u;ith  regard  to  the  closed  curve  are  the  same. 

The  following  theorem  is  now  evident : 

Theorem  IIL  If  two  points  Qo,  Qi  have  different  orders  with 
regard  to  a  given  closed  simple  curve,  every  simple  curve  joining  them 
Jms  at  least  one  paint  in  common  with  the  given  closed  curve. 

Theorem  IV.    Within  an  arbitrarily  small  distance  of  any  point,  Po , 
of  a  regular  closed  curve,  there  are  two  points  whose  orders  differ  by  unity. 
The  curve  consists  of  a  finite  number  of  parts,  each  of  which  can  be 
^"'  Young,  Sets  of  Faints,  pp.  18,  19.  ^^  See  note  11  on  p.  6. 
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represented  either  by  an  equation  of  the  form  y  =f{x)  or  else  by  one 
of  the  form  x  =y  (?/),  where  /  is  single-valued  and  continuous.  First, 
let  Po  be  not  an  end  point  of  one  of  these  parts. 

Let  the  part  on  which  P^  lies  be  represented  by  an  equation  of  the 
form  ?/  =  /(cr);  if  the  equation  be  x^f{y),  the  proof  is  similar. 


The  lower  limit  of  the  distance  of  P^  from  any  other  part  of  the 
curve  ^^  is,  say,  n,  where  n  >  0. 

Hence  if  0<r<i\,  a  circle  of  radius  r,  centre  Po,  contains  no 
point  of  the  complete  curve  except  points  on  the  curve  y  =f(x)  ;  and 
the  curve  y=f{x)  meets  the  ordinate  of  P^  in  no  point  except  Pq. 

Let  B  be  the  point  (^o,  ^o  +  r\  B^  the  point  (.ro,  y^  -  r). 

If  P  be  any  point  of  the  curve  whose  parameter  is  t  and  if  6  (f),  ^i  (t) 
be  the  angles  which  BP,  BjP  make  with  the  x  axis,  it  is  easily  verified 
that  if  BP  -  p,  PiP  =  Pi  and  <i>  =  0(t)-0,  (t), 

PPi  PPi 

If  o)  be  the  period  of  the  pair  of  functions  x  (t),  y  (t)  and  if  8  be  so 
small  that  the  distances  from  Pq  of  the  points  whose  parameters  are 
to±S  are  less  than  r,  then^^,  if  x  (t,y  +  8)  >  x  (t^), 

cfy  (to)  =  (2%  +  l)7r,  cf>  (to  +  8)  >  (2n,  +  l)7r, 

(fi  (to  +  (i)  ~  S)  <  (211.2  +  l)'^?      ^  (^0  +  w)  =r  (2n.2  +  l)7r. 

1-5  If  a  positive  number  /'i  did  not  exist,  by  the  corollary  of  the  Lemma,  Pq 
would  coincide  with  a  point  on  the  remainder  of  the  curv^e  ;  i.e.  the  complete  curve 
would  have  a  double  point,  and  would  not  be  a  simple  curve. 

^*'  If  X  [to  -,  b)  <  X  (^o))  the  inequalities  involving  0  have  to  be  reversed. 
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But  when  #o "'- 1  <  t,,  ^  w,  sin  <^  vanishes  only  when  x  -  d'o  =  0,  and 
then  cos  <t>  is  positive  since  (.v-  .r,,)^  +  (if  -  I/o)'  >  ^'^• 

Hence  <^  4=  (2/i  +  l)7r  when  fo  <  ^  <  ^o  +  ^ ;  therefore  since  <^  (t)  is  a 
continuous  function  of  t,  n..  -  ;?i  =  0  or  +  1.  But  tii  4=  n^;  for  if  %  =  «o 
then  <ji  (to  +  8)  >  (2wi  +  1)  tt,  (ft  (to  +  (h  -  S)  <  (2y?i  +  1)  n-  and  <^  (t)  would 
equal  (2«i  4- 1)  TT  for  some  value  of  t  between  to  +  8  and  t,^^o)  —  8. 

Therefore  Wo  -  ih-±l,  and  consequently 


^  (^,  +  <o)-0(to)}  -  {e,  (to  +  (o)  -  ^1  (^,)}  =  <?!>  (A>  +  co)  -  (^  (^'o)  =  ±  27r, 


that  is  to  say  the  orders  of  B,  Bi  differ  by  unity. 

The  tlieorem  is  therefore  proved,  except  for  end  points  of  the  curve. 

If  Pi  be  an  end  point,  a  point  Fq  of  the  curve  (not  an  end  point) 
can  be  found  such  that  PiP„  is  arbitrarily  small;  then  P^B  < PoP\ 
since  PoB  <r^<  PoP\,  and  therefore  P^B  <  'iP^Pi,  so  that  P^B,  and 
similarly  P^B^,  are  arbitrarily  small;  since  the  orders  of  B,  Bi  differ 
by  unity  the  theorem  is  proved. 

Theorem  V.  (i)  1/  two  continue  Ci ,  C,  have  a  point  Q  hi  common, 
the  set  of  points,  S,  formed  by  the  two  continua  is  one  continuum  ;  and 
(ii)  if  the  two  continua  C\,  Co  hace  no  point  in  common,  but  ij  all  points 
sufficiently  near  any  point,  the  end  points  excepted,  of  the  elementary 
curve  y=f{x),  (xo'^x^Xi),  belong  to  Ci  or  to  C.,  or  to  the  curve,  the 
points  sufficiently  near  and  above^'  the  curve  belonging  to  Ci  and  those 
sufficiently  near  and  below  it  to  Co,  then  the  set  of  points  S  consisting 
of  Ci,  0-2  and  the  curve  {the  end  points  excepted)  is  one  continuum. 

(i)  Let  P  be  any  point  of  S;  if  P  belong  to,  say,  Ci  all  points 
sufficiently  near  P  belong-  to  C^  and  therefore  to  S.  Hence  >S'  satisfies 
the  first  condition  for  a  continuum.  Again  if  P,  P'  be  any  two  points 
of  8,  if  P,  P'  belong  botli  to  C\  or  both  to  Co,  they  can  be  joined  by 
a  simple  curve  lying  wholly  in  Cj  or  Co,  i.e.  wholly  in  S.  If  P  belong 
to  Gi  and  P'  to  Co,  each  can  be  joined  to  Q  by  a  simple  curve  lying 
wholly  in  S.  If  the  curves  PQ,  P'Q  have  no  point  in  common,  save 
Q,  PQP'  is  a  simple  curve  lying  in  S.  If  PQ,  P'Q  have  a  point  in 
common  other  than  Q,  let  PQ^  be  an  arc  of  PQ  such  that  Q^  lies  on 
P'Q  but  no  other  point  of  PQ^  lies  on  P'Q. 

[The  point  Qi  exists ;  for  a  set  of  points  common  to  both  curves  exists  ; 
let  T  be  the  lower  bomidary^^  of  the  parameters  of  the  set,  regarded  as  points 
on  PQ  ;  by  the  lemma  given  above,  the  point  Qi  with  parameter  r  is  on  both 
curves,  and  satisfies  the  necessary  condition.] 

^^  The  terms  '  above '  and  '  below '  are  conventional :  {x,   y)  is  above  {x,  y') 

if  y  >  y'- 

^^  The  lower  boundary  exists.     Hobson,  Functions  of  a  Real  Variable,  p.  58. 
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Then  PQ^,  Q^P'  are  simple  curves  with  no  point  in  common  save  ft. 
Hence  PQiP'  is  a  simple  curve  lying  wholly  in  S,  In  either  case^  S 
satisfies  the  second  condition  for  a  continuum.    Hence  >S^is  a  continimm. 


(ii)  Let  the  curve  h^  AB  ;  draw  CED  parallel  to  Oy  through  any 
point  E  of  AB  (the  end  points  excepted).  If  C  and  D  be  sufficiently 
near  to  AB,  C  belongs  to  Cx  and  D  to  C.^. 

Then  all  points  sufficiently  near  any  point  of  61  or  of  C^^  belong 
to  /S' ;  and  all  points  sufficiently  near  any  point  oi  AB  (the  end  points 
excepted)  belong  to  8.  Hence  >S'  satisfies  the  first  condition  for  a  con- 
tinuum. 

Let  P,  P'  belong  to  8  Then  either^^  («)  P,  P'  both  belong  to  C^ 
or  to  a;  {h)  P  belongs  to  (7i,  P'  to  C.;  (c)  P  belougs  to  C^,  P'  to 
AB  ;  (d)  P,  P'  both  belong  to  AB. 

In  cases  {a)  and  ((?),  PP'  can  obviously  be  joined  b}^  a  simple 
curve  lying  wholly  in  8.  In  case  (^),  simple  curves  PC,  CD,  DP'  can 
be  drawn  lying  in  8,  and  a  simple  curve  can  be  drawn  joining  PP' . 
In  case  (c),  simple  curves  PC,  CE,  EP'  (the  last  being  an  arc  of  AB) 
can  be  drawn  lying  in  8,  and  a  simple  curve  can  be  drawn  joining 
PP'.  Hence  8  alwa5^s  satisfies  the  second  condition  for  a  continuum. 
Therefore  8  is  a  continuum. 

Theorem  VI.  Given  a  continuum  R  and  an  elementary  curve  AB, 
then  '.  {a)  If  B  contain  all  points  of  the  curve  except  possibly  its  end 
points,  which  may  lie  on  the  boundary  of  R,  the  set,  R~,  of  points  of  R 
ivhich  do  not  lie  on  AB  farm,  at  most,  two  continua. 

(b)   If  one  01-  both  end  points  lie  in  R,  R~  is  one  continuum. 

{a)  Let  the  equation  oi  AB  hey  =  f(x).  Through  any  point  of 
AB  (not  an  end  point)  draw  a  line  CD,  parallel  to  Oy,  bisected  at  the 

^9  There  are  several  other  cases  which  are  obviously  equivalent  to  one  of  these ; 
e.g.  P  belongs  to  Co,  P'  to  AB. 
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point  on  AB,  and  lying  wholly  in  i?;  choose  C\  D  so  that  the  ordinate 
of  C  is  greater  than  the  ordinate  of  D. 

Then  R-  satisfies  the  first  condition  for  a  continuum  (for  if  Zq  be  a 
point  of  R~  we  can  choose  8  so  that  all  points  satisfying  \  z-  Zq\  <^ 
belong  to  11,  and  since  c,  is  not  oq  AB,  we  can  choose  h'  smaller  still  if 
necessary,  so  that  no  point,  z,  of  AB  satisfies  |  z-z^  \  <S').  Also  R- 
satisfies  the  second  condition  unless  a  point  P  of  R~  exists  ivhich 
cannot  he  joined  to  D  by  a  simple  curve  lying  whollij  in  R~.  For  if  there 
is  no  such  point,  then  if  P,  P'  be  any  two  points  of  R-,  they  can  each 
be  joined  to  D  by  a  simple  curve  ;  if  these  two  curves  do  not  intersect 
except  at  D,  PDP'  is  a  simple  curve  ;  if  the  two  curves  do  intersect, 
let  Q  be  the  first  point  of  intersection  arrived  at  by  a  point  which 
describes  the  curve  PD.  Then  /*ft  QP'  are  two  simple  curves  with 
no  point  in  common  except  (I,  so  that  PQP'  is  a  simple  curve  lying 
wholly  in  R~  ;  lience  R~  satisfies  the  second  condition  for  a  con- 
tinuum. 

Otherwise,  join  /*  to  Z>  by  a  simple  curve  lying  wholly  in  R  ;  then 
this  curve  has  at  least  one  point  uot  in  R~  ;  i.e.  it  has  at  least  one 
point  in  common  with  AB. 

Let  E  be  the  first  point  on  AB  which  is  reached  by  a  point 
describing  the  curve  PJ)  ;  so  tliat  PA' has  no  point  on  AB  except  E. 


Choose  an  arc  AB'  of  AB,  which  contains  E  but  not  A  or  B. 
Construct  two  continua  N'^  and  N~  above  and  below  A'B'  respectively 
as  in  the  example  of  §  5,  each  continuum  lying  wholly  in  R.  Then 
N^,  N~  and  the  curve  AB'  with  the  end  points  omitted  obviously 
form  one  continuum,  so  that  if  a  point  F  be  taken  on  EP  sufficiently 
near  E,  it  will  lie  on  N^  or  N~  ;  for  F  cannot  lie  on  A'B'.  Suppose 
that  F  lies  in  N~  ;  choose  a  point  G  on  CD  lying  in  N~  ;  then  FG 
can  be  joined  by  a  simple  curve  lying  in  N~.     Now  PF,  FG,  GD  are 
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three  simple  curves  lying  in  iN^"*"  and  K~  ;  and  hence  a  simple  curve 
PFGD  can  be  drawn  lying  in  iV"+  or  N~  ;  i.e.  PD  has  been  joined  by 
a  simple  curve  lying  in  B~  ;  but  this  is  impossible.  Hence  F  must  lie 
in  N'^ :  and  then  it  can  be  shewn  by  similar  reasoning  that  P  can 
be  joined  to  C  by  a  simple  curve  lying  wholly  in  R~. 
Hence  the  points  of  B~  can  be  divided  into  two  sets  : 

(i)  The  points  which  cannot  be  joined  to  i)  by  a  simple  curve 
lying  wholly  in  R~  ;  these  points  can  be  joined  to  Cby  a  simple  curve 
lying  wholly  in  ^~. 

(ii)  The  points  of  R~  which  can  be  joined  to  i>  by  a  simple 
curve  lying  wholly  in  R~. 

Each  of  these  sets  is  easil}^  seen  to  satisfy  both  the  conditions  for  a 
continuum.     Hence  the  points  of  R~  form  at  most  two  continua. 

{h)  If  B  lies  in  R,  a  line  BB^  may  be  drawn  parallel  to  Ox  lying 
wholly  in  B.  Then  by  {a)  the  points  of  B  not  on  A  BBi  form  at  most 
two  continua  ;  if  they  form  only  one  continuum,  the  theorem  is 
granted ;  for  this  continuum  with  the  points  on  BB^  (B  excepted) 
forms  one  continuum  ;  if  they  form  two  continua"*^,  these  two  continua 
with  the  boundary  points  BB^  (B  excepted)  form  one  continuum  by 
Theorem  V. 

7.  The  main  Theorem.  The  points  of  the  plane  not  on  a  given 
regular  closed  curve  form  two  continua  of  which  the  entire  curve  is  the 
complete  boundary. 

Within  an  arbitrarily  small  distance  of  any  point  of  the  curve 
there  are  two  points  of  different  orders  with  regard  to  the  curve,  by 
Theorem  IV  of  §  6.  Hence  by  Theorem  III  of  §  6,  the  points  of  the 
plane  not  on  the  curve  form  at  least  two  continua.  Divide  the  curve 
into  a  finite  number  of  elementary  curves  and  take  these  in  the  order 
in  which  they  occur  on  the  curve  as  t  increases  from  t^to  T ',  then  b}^ 
the  second  part  of  Theorem  VI  of  §  6  each  of  these  elementary  curves, 
except  the  last,  does  not  divide  the  region  consisting  of  the  plane  less 
the  points  of  the  elementary  curves  already  taken  ;  the  last  divides 
the  plane  into  at  most  two  continua,  by  the  first  part  of  Theorem  VI 
of  §  6.  Hence  there  are  exactly  two  continua  ;  and  the  points  of  these 
two  continua  are  of  different  orders  with  regard  to  the  curve. 

-^  It  is  easily  seen  that  if  there  are  two  continua  the  points  of  one  of  them, 
which  are  sufficiently  near  BB^,  are  above  BBx,  while  the  points  of  the  other,  which 
are  sufficiently  near  BBi,  are  below  BBi . 
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Any  point  of  the  curve  is  a  boundary  point  of  either  continuum, 
by  Theorems  III  and  IV  of  §  6  ;  and  any  point  not  on  the  curve  is  a 
point  of  one  continuum  by  Theorem  I  of  ^  6,  and  is  therefore  not 
a  boundary  point. 

8.  Theorem  I.  All  sufficiently  distant  points  are  of  m^der  zero 
with  regard  to  a  given  regular  closed  curve. 

Let  P  {x,y)  be  any  point  on  the  curve,  and  P^  {xi,  y^)  be  any  other 
point ;  the  angle  which  PP^^  makes  with  the  axis  of  x  is  given  by 

cos6  =  f  (,r-.ri),     sin6'=-K(^-^i), 
where  k  =  {{.v  -  .v^f  ^  {y  -y^)-}  ~  -. 

If  x^-  +  yf  be  sufficiently  large,  either  |  .ri  |  or  ly^  must  be  so  large 
that  either  cos  0  or  sin  0  never  vanishes ;  hence  the  change  in  ^  as  P 
goes  round  the  curve  cannot  be  numerically  so  great  as  tt  ;  but  this 
change  is  2jnr  where  n  is  an  integer  and  is  the  order  of  Pi ;  hence  »  =  0. 

That  continuum  whicli  contains  these  sufficiently  distant  points 
is  called  the  exterior  of  tlie  curve  ;  the  other  continuum  .is  called  the 
interior. 

Since  the  order  of  any  point  of  the  interior  of  a  regular  closed 
curve  differs  from  the  order  of  any  point  of  the  exterior  by  unity,  the 
order  of  any  point  of  the  interior  is  +  1.  If  the  order  of  any  point  of 
the  interior  is  +  1,  we  say  that  the  point  {x  (t),  y  {t})  'describes  the 
curve  in  the  counterclockwise  direction  as  t  increases  from  t^  to  TJ 

If  the  order  be  -  1,  we  say  that  the  point  describes  the  curve  in  the 
clockwise  direction. 

Let  t'  ^  —  t ;  and  let  0'  (t')  be  the  angle  that  AP  makes  with  the 
axis  of  Xy  A  being  a  point  of  the  interior  and  P  being  the  point  whose 
parameter  is  t  or  t'. 

Then  6'  {t')  -6{t)  ^  2m7r,  and,  if  we  take  0'(t')  to  vary  continuously 
as  t  varies  continuously,  m  is  constant,  since  ?»  can  only  vary  per 
saltus.     Consequently 

0'{-T+u^)-0'{-T)  =  -{0{to  +  <^)-  e{t,)\. 

Therefore  the  order  of  the  interior  point  when  t'  is  the  parameter  is 
minus  the  order  of  the  point  when  t  is  the  parameter. 

Definition.  Oriented  curves,  Orientation.  Let  P,  S  be  the  end 
points  of  a  simple  curve.  Let  one  of  them,  say  P,  be  called  the  first 
point.     If  Q,  R  be  two  other  points  on  the  curve   Q  is  said  to  be 
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before  B  litp  <tq<  t^  or  if  tp>tq>tji.  The  points  of  the  curve  have 
thus  been  ordered^^.  Such  an  ordered  set  of  points  PS  is  called  an 
oriented  curve ;  it  differs  from  the  oriented  curve  SP  in  which  S  is  the 
first  point. 

Two  oriented  curves  Ci,  Co  with  a  common  arc  o-  have  the  same 
orientation  if  the  points  of  a-  are  in  the  same  order  whether  a-  is 
regarded  as  belonging  to  Ci  or  to  C^.  If  the  points  are  not  in  the 
same  order,  the  curves  have  opposite  orientations. 

It  is  easy  to  see  that  if  P,  Q,  R  be  three  points  on  a  regular  closed 
curve,  the  curves  PQRP,  PRQP  have  opposite  orientations. 

We  agree  to  choose  the  parameter  of  an  oriented  curve  so  that  the 
first  point  has  the  smallest  parameter.  This  can  be  done  by  taking  a 
new  parameter  t'  -—t,  if  necessary. 

It  is  convenient  always  to  choose  that  orientation  of  a  closed  curve 
which  makes  the  order  of  interior  points  +  1 ;  that  is  to  say  that  an 
oriented  closed  curve  is  such  that  a  point  describes  it  counterclockwise 
as  t  increases  from  ^o  to  ^o  +  ^o. 

Theorem  II ^.  Let  two  continua  R^,  R2  he  the  interim's  of  two 
regular  dosed  curves  C^,  C^  respectively.  Let  a  segment  o-j  of  C^ 
coincide  with  a  segment  0-2  of  C.2',  then  (i)  if  R^,  R.2  have  no  point  in 
common  the  oi'ientations  of  a--^^,  0-2  are  opposite  ;  and  (ii)  if  R^  he  wholly 
inter ior"^^  to  R2,  the  ojnentations  of  <t-^,  (r2  are  the  same. 

(i)  If  the  orientations  of  o-i  and  o-o  are  the  same,  by  Theorem  IV 
of  §  6  it  follows  that  arbitrarily  near  any  point  P^  of  o-j  and  o-^  (not  an 
end  point)  there  are  two  points  B,  B'  such  that  the  order  of  B  with 
regard  to  either  Oi  or  C2  exceeds  that  of  B'  by  unity  ;  so  that  B  is  an 
interior  point  of  both  curves  which  is  impossible.  Hence  the  orienta- 
tion of  o-j  is  opposite  to  that  of  0-2. 

(ii)  If  the  orientations  of  o-j,  a-^  are  different,  we  can  find 
points  B,  B'  arbitrarily  near  any  point  Po  of  0-1  and  0-0  sach  that 
{a)  the  order  of  P'  with  regard  to  (7i  exceeds  that  of  P  by  +  1,  (6)  the 
order  of  P  with  regard  to  C2  exceeds  that  of  P'  by  +  1.  Consequently 
P  is  a  point  of  Pi  but  not  of  P2 ;  this  is  impossible.  Hence  the 
orientations  of  o-j,  0-2  are  the  same. 


-^  Hobson,  Functions  of  a  Real  Variable,  §  122. 

"  Ames  points  out  that  Goursat  tacitly  assumes  this  theorem. 

23  I.e.  if  every  point  of  R^  is  a  point  of  i?2- 
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9.  The  integral'  of  a  continuous  function,  f  {x),  of  a  real 
variable  x,  is  defined  by  means  of  the  limit  of  a  sum  in  the  following 
manner  : 

Divide  an  interval  a  to  h  (a^b)  into  2*  equal  parts  and  let.y,.  be  the  yth 
part.     Let  H^i  ^h  he  the  upper  and  lower  limits  oif{x)  in  y,^.;  let 

^,        "    ^     b-a  >'         b-a       ' 

r=l  -^  /•=•!  ■^ 

Then  (*S'„)  is  a  non-increasing  sequence  and  («„)  is  a  u  on -decreasing  sequence, 
and  Sn'^Sn  ;  consequently  /S^,  s^  have  finite  limits  as  n^*'cc  ;  and  if  f{:v)  is 
continuous  it  can  be  proved  that  these  two  limits  are  the  same  ;  the  common 
value  of  these  two  Umits  is  called  the  integral  of /(a-)  taken  between  the 
end-values  or  limits  a  and  6,  and  is  written 

fb 

f{x)  dx. 


f 

J   0 


Further,  it  can  be  shewn  that  if  e  is  arbitrary,  a  niunber  S  can  be  found  such 
that  if  the  interval  a  to  6  be  divided  into  an^  sub-intervals  rj-^,  tj^,  ...  ijt,  each 
less  than  S,  and  if  x,.  be  ani/  point  in  the  rth  interval,  then 

f{x)dx-  2  77,/0r,)|<e. 


J  c 


/~1 


When  we  study  the  theory  of  functions  of  complex  variables,  we 
naturally  enquire  whether  it  is  not  possible  to  generalise  this  definition ; 
for  the  interval  a  to  b  may  be  regarded  as  a  segment  of  a  particular 
curve  in  the  Argand  diagram,  namely  the  real  axis. 

1  Bromwich's  Theory  of  Infinite  Series  (1908),  §§  157-163,  should  be  consulted; 
the  analysis  given  above  is  quoted  from  §  163. 

w.  c.  I.  2 
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This  suggests  that  we  should  define  the  integral  of  a  continuous 
function,  /(^),  of  the  complex  variable  z,  taken  along  a  curvilinear 
path  ^^  in  the  Argand  diagram  by  the  natural  extension  of  the  above 
■definition,  namely  that  the  integral  of  f{z),  taken  between  the  limits 
Zq  and  Z,  is  the  number  >S'  (if  that  number  exist)  such  that  it  is  possible 
to  make 

V  I 

>S'—    S     (^,.+1  — 2^,.)/(^r') 
r  =  0  1 

less  than  an  arbitrary  positive  number  e  by  taking  v  points  z^,  z.2,  ■••  z^ 
in  order  on  the  curve  AB  {z^,+l  being  interpreted  as  meaning  Z)  in  any 
way  such  that 

I  Zr+\  -Zr  I  <  8  for  r  =  0,  1,  2,  ...  v, 

8  being  a  number  depending  on  e  (so  that  v  also  depends  on  e),  and 
the  point  z^  being  any  point  on  the  curve  between  Zr  and  Zr+\ . 
[Note  that  we  do  not  say 

^'=lim     i     (Zr.r-Zr)/(Zr'), 

because  the  summation  on  the  right  is  a  function  of  2i/  +  1  independent 
variables  z^,  z^,  ...  Zj,,  zd,  z-l,  ...  zj,  and  so  >S'  is  not  an  ordinary  limit  of 
a  function  of  one  variable.] 

It  is,  however,  necessary  to  define  exactly  what  is  meant  by  the 
phrase  'points  in  order  on  the  curve  AB.^ 

To  ensure  that  the  limit,  by  which  we  shall  define  an  integral,  may 
exist,  we  shall  restrict  the  curve  on  which  the  points  z-^,  Z2,  •••  lie,  to 
be  an  '  oriented  simple  curve.'  And  a  further  restriction  is  convenient, 
namely  that  the  curve  should  have  limited  variations^;  that  is  to  say 
that  the  functions  £c{t),  i/{t)  should  have  limited  variations  in  the 
interval  to  to  T. 

[It  can  be  proved  ^  that  a  necessary  and  sufficient  condition  that  a  simple 
curve  should  have  a  finite  length  is  that  it  should  have  limited  variations,  but 
this  proposition  will  not  be  required  ;  the  lemma  below  will  be  sufficient  for 
the  purposes  of  this  work.] 

A  function  J  (z)  of  a  complex  variable  z  is  said  to  be  '  continuous 
on  a  simple  curve'  if  f{z)  is  a  continuous  function  of  t. 

2  Young,  Sets  of  Points,  §§  140-141.  Jordan,  Cours  cf  Analyse,  t.  i.  p.  90.  It 
will  be  obvious  that  the  definition  may  be  extended  to  cover  the  case  when  the  path 
of  integration  consists  of  a  finite  number  of  simple  curves  with  limited  variations. 

3  Young,  Sets  of  Points,  §  167. 
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We  can  now  prove  the  following  important  lemma  : 

Lemma.    Let  Z(>,  Zi,  z.2,  ...  z,i+i  be  any  sequence  of  i:>oints  in  m-der 

n 

on  a  simple  curve.     Then  2   j  {Zr+x  -  ^r)  i  is  less  than  or  equal  to  the  sum 
of  the  total  variations  of  x  {£)  and  y  (f)  as  t  varies  from  to  to  tu+i. 

Since  the  modulus  of  a  sum  does  not  exceed  the  sum  of  the 
moduli,  it  follows  that 

n  n 

2     \{Z,+1-Zr)\^     2     \{{Xr+i-Xr)  +  i{yr  +  l-yr)]\ 
r=0  r=0 

n 

^     2     [X'^'r^l-^r)\  +  \{i{yr+l-yr)}\] 
r=0 

^     2     \{x{tr^,)-x(tr)}\+     2     \{y{tr.l)-y{tr)}\. 
r  =  i)  r=--0 

But  tr+i'^tr,  since  the  points  Zq,  Zi,  Zo,  ...  are  in  order;  and 
consequently  the  first  of  these  summations  is  less  than  or  equal  to 
the  total  variation  of  a:  (t),  and  the  second  summation  is  less  than  or 
equal  to  the  total  variation  of  y  it) ;  that  is  to  say,  2  |  (c,.+i  -  z,)  \  is 
less  than  or  equal  to  the  sum  of  the  total  variations  of  x  (t)  and  y  (t). 

10.  We  are  now  in  a  position  to  give  a  formal  definition  of  a 
complex  integral  and  to  discuss  its  properties.  The  notation  which 
has  been  introduced  in  §§  2,  4  and  5  will  be  employed  throughout. 

Definition.  Let  AB  he  a  simple  curve  ivith  limited  variations 
drawn  in  the  Argand  diagram.  Let  f{z)  be  a  function  of  the  complex 
variable  z  which  is  continu/)us  on  the  curve  AB.  Let  z^  be  the 
complex  coordinate  of  A ,  and  Z  the  complex  cooi^dinate  of  B.  Let  a 
sequence  of  points  on  AB  be  chosen,  and  when  n  of  these  points  have 
been  taken,  let  the' points  taken  in  order  be  called  z-^^'"'\  5./"^,  ...  2; J")  (so 
that  if  m  ^  ?^,  z^^^''^  is  one  of  the  points  Zx^''^\  z^j'"'\  . . .  z^'"\i_n+\) ;  the  sequence 
of  points  may  be  chosen  accm'ding  to  any  definite  law  ivhatever^,  pro- 
vided only  that  the  points  are  all  different  and  that,  given  any  positive 
number  8,  we  can  find  an  integer  n^  such  that  when  n  >  n^, 

where  r  =  0,  1,  2,  . . .  w  and  ^0^^)  =  ^0,  tnj''^  =  T. 

■*  If  ?o  =  0»  2^  =  1.  tlie  simplest  law  is  given  by  taking  ii(»),  ^2'"),  ...  t^(")  to  be 
the  first  n  of  the  numbers  \\  |,  |;  \,  |,  f,  |;  ...  when  these  n  nmnbers  are 
rearranged  in  order  of  magnitude. 

2—2 
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Then   the  complex  integral  j    f{z)dz  is  defined  as  meaning  the 
Jolloiving  limit : 

I^^J  {z)dz  =  lini^  [(./")  -  Co("))/(c,("))  +  (c,(«)  -  c,("))y  (-,(«)) 

+  (z^)  -  c/))/(c/"))  +  ...  +  (Z-zJ"))/{zJ"^)] 

71 

=    lim       %    V{ZrJ^^-Z,^^'^)f{Zr^^^))l 

[It  is  permissible  to  speak  of  the  limit  of 

2    [(^,.H.i(")-~>("0/(~>(»))J 
r  =  0 

because  these  expressions  form  a.  sequence  (depending  on  ??),  each  member  of 
the  sequence  being  determinate  when  the  form  of  /  and  the  law,  by  which 
the  points  s,.^")  are  chosen,  are  given.] 

The  integral  is  said  to  be  taken  along  the  path  AB,  and  the  path 
AB  is  usually  called  the  contour  of  integration  ;  and  if  the  path  .4^ 

be  called  (7,  we  sometimes  write  1    f{z)dz  in  the  form  /       J  {z)  dz  or 

J  A  JUB) 

f{p)dz. 


I. 


11.  It  is  next  necessary  to  prove  (Theorem  I)  that  the  limit,  by 
which  an  integral  is  defined,  exists. 

When  we  have  proved  Theorem  I  we  shall  prove  (Theorem  II)  that 
if  a  positive  number  f  be  taken  arbitrarily,  it  is  possible  to  find  a 
number  8i  such  that,  when  afii/  v  numbers  ^i,  t..,  ■■■  t„  are  taken  so  that 
to^ti^t.^  ...  •$  ^v  ^  ^^+1  =  T  and  #^+1  -tp'^Si{p  =  0,  1 ,  ...  v),  and  when 
Tp  is  such  that  t^,  •$  Tp  ^  ^p+i,  then 


I    f{z)dz-   i   (Zp,,-Zp)/{Zp) 


<  e. 


Theorem  I.     Let  ^n{z)=  2  [{zrJ"^-z,y''>)/(z,S"^)] ;  then  lim  Sn(z) 

ewists. 

To  prove  the  existence  of  the  limit,  we  shall  prove  that,  given 
an  arbitrary  positive  number  e,  we  can  choose  an  integer  n  such  that, 
when  ///  >  n, 

\S,„(z)-S,,{^)\<^. 

This  establishes^  the  existence  of  lim  iSn  (z). 

•'  Bromwicli,  Theory  of  Infinite  Series,  §§  3,  75,  151. 
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Let  L  be  the  sum  of  the  total  variations  of  x  (t)  and  1/  (t)  for  the 
interval  to  to  T  of  t. 

In  virtue  of  the  continuity  of  f{z)  qua  function  of  t,  corresponding 
to  an  arbitrary  positive  number  c,  we  can  find  a  positive  number  3  such 
that,  if  z  be  any  particular  point  on  AB,  and  if  0'  be  on  AB,  then*^ 

\/{z'}-f(z)\%i./L  (5) 

whenever  \t'  —  t\%B  -,  it  is  obvious  that,  in  general,  8  is  a  function  of  f. 

Let  us  assume  for  the  present"  that,  when  c  is  taken  arbitrarily,  a 
number  S^  (independent  of  t,  but  depending  on  €)  exists,  such  that,  for 
all  values  of  t  under  consideration, 

8  >  80  >  0  ; 
that  is  to  say,  we  assume  that /(c)  is  a  uniformly  continuous^  function 
of  t. 

Now  choose  n  so  large  tliat 

for  r  =  0,  1,  2,  ...  w;  this  is  possible  by  reason  of  the  hypothesis  made 
concerning  the  law  by  which  the  numbers  t^"*  were  chosen. 

Let  m  be  any  integer  such  that  m>  n\  and  let  those  of  the  points 
z}^^  which  lie  between  z^^"^  and;::i<">  be  called  Ci,  0,  ^2,0,  •••  -mo+i. 0,  where 
-1.  o  =  ^o^"^  2:,„j,+i.  0  =  ^/"^ ;  and,  generally,  let  those  of  the  points  Zg^"^^ 
which  lie  between  r,.<">  and  ;:;,.+i*"*  be  called  Cj, ,.,  c.,,  ,.,  •••  c,„^.+i, ,.,  where 

._  ^  (n)      ^  _  -.       (n) 


r=0 


n 

:     2 

r  =  0 


2 

\-\.  s- 


Then  >S„=  2  [(;^,,/")-;^,("))./(;^,<"))] 

since  the  points  ;r.,. ,.  are  the  same  as  the  points  Zr^"'\ 

Also        /Sf,„  =  2  r  "2  {(0,,,, ,  -  c,, ,) .  /(c,,  ,)n , 

7-=oL*=i  J 

I     n    p  '">•  ~|  I 

SO  that    i  (6;  -  >S;,)  1=2       2  {z^.^,,  r  -  z.., ,)  { /(c,('^))  -  /  (;:;.,  .) } 

I  r  =  ^  \-s  =  l  -J  I 

n     "'r 

^    2     2  |(;r.+v>---s.){/W")-/(-..r)}|. 
r=^0  «  =  l 

'*  The  reason  for  choosing  the  multiplier  \  will  be  seen  when  we  come  to 
Theorem  II. 

"  A  formal  proof  is  given  in  §  12. 

^  The  continuity  is  said  to  be  uniform  because,  as  t'  -*- 1,  f{z')  tends  to  the  limit 
j(z)  uniformly  with  respect  to  the  variable  t. 
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But  tr^i^"'>  >  ts,  r  ^  tr^''\  SO  that  0  ^  ts,  r  "  t,^''^  ^  K  ^nd  coiisequeutly 

I  /fe .c^))  -/(;5,, ,)  I  ^  i  ^IL ;  also    2     %  \  z,,,, ,  -  Zs, .1=21  ;:r,,i(-)  -  ;^,.('")  | ; 

r  =  0  *=;1  r  =  0 

and  consequently 

,.=0   s=l 
m 

since  ^    \  (ZrJ''^  -  z.S'^^)  \^L, 

by  the  Lemma  of  §  9.  That  is  to  say  that,  given  an  arbitrary  positive 
number  e,  we  have  found  n  such  that  when  m  >  n,  \  Sn  —  Sm\<€;  and 
consequently  we  have  proved  that  lim  Sn  exists ;   the  value  of  this 

limit  is  written 


We  can  now  prove  the  following  general  theorem  : 

Theorem  II.  Given  any  positive  number  e,  it  is  possible  to  find 
a  positive  number  \  such  that,  when  any  v  numbers  tj,  t2,  ...  ty  are 
taken  so  that  0  ^  tp+i  —  tp^S^,  (jt?  =  0,  1,  ...  v,  and  tp+i  =  T),  while  T^  is 
such  that  tp  ^  Tp^  tp+i,  then 

\^f{z)dz-  i  {zp,,-z,;)f{Zp)Uc, 

Jzo  p  =  0 

Zp,  Zp  being  the  points  whose  parameters  are  t^,  Tp  respectively. 

Choose  So  and  n  to  depend  on  €  in  the  same  way  as  in  the  proof  of 
Theorem  I ;  we  shall  prove  that  it  is  permissible  to  take  8i  =  Sq. 

For,  assuming  that  Q^tp+-^-tp%^o,  we  can  find  an  integer  r 
corresponding  to  each  of  the  numbers  tp,  {p=^v+l),  such  that 
t^S'^'>  ^tp<  tr+i^''^^ ;  let  the  numbers  tp  which  satisf)^  this  inequality  for 
any  particular  value  of  r  be  called  in  order  ^i,,.,  to^r,  •••  t^^., ,.. 

Then  we  may  write 

V  n 
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The  following  conventions  have  to  be  adopted  in  interpreting  the 
summation  on  the  right-hand  side : 

(i)  ^0,  ;■  ^  To, ,.  ^  ^1, /• ;  where  ^o,/-  means  that  number  of  the  set 
ti),  ti,...tr  which  immediately  precedes  ^i,,.. 

(ii)  ^  v.,  ■,  %  Ty,^,^  r  ^  tx^.+\,  r '}  where  ^;v'..+i,r  means  that  number  of  the 
set  ^1,  #25  ••■  #/+i  which  immediately  follows  f^y,.,  /•• 

(iii)  If,  for  any  value  of  r,  there  is  no  number  t^,  such  that 
^/•^"*  '^tp<  tr+i'"\  the  term  of  the  summation  corresponding  to  that 
value  of  r  is  (s^^+i^"^  -  2^r^"0  /(^o,  /■),  where  #o,  ,•  ^  T'o,  /•  ^  K  r  and  t^^ ,.,  ti^  r 
are  respectively  the  largest  and  smallest  numbers  of  the  set  ta,  t^,  ...  #^4.1 
which  satisfy  the  inequalities 

With  these  conventions,  if  >S'„  has  the  same  meaning  as  in 
Theorem  I,  we  may  write 

V 

2    (Zp+i  -  Zp)f{Zp)  -  Sn 

+  •  •  •  +  (--■..""  -  ^.v,., ,.)  { /(Z.V,.. ,.)  -  /(--.■•'")}] ; 

if  for  any  value  of  r,  tliere  is  no  number  tp  such  that  #,.*")  $  tp  <  tr+i^"^\ 
the  term  of  the  summation  corresponding  to  that  value  of  r  is 

(^.■.■"" -;,."")  I /(^...,)-/(2,.<'")i- 

Now  if  .s*  =  0,  1,  ...  Xr,  we  have 

Ts,  r  %  #.,  ,.  +  80  <  t,^,^"^  +  8.,  <  #,(")  +  280, 

and  7;, ,  >  #,+,, ,  -  8,  ^  #,(")  -  8, ; 

hence  |  T,,,- i^,<">  |  <28o. 

Therefore,  if  ^' =  J  ( 71, ,  + #,(")),  we  have 

\T,,r-t'\<K  U' -#,(«)  I  <  80; 

SO  that,  since  the  modulus  of  a  sum  does  not  exceed  the  sum  of  the 
moduli, 

I  /(Z,  .)  -  /fe.("))  I   ^   I  /(Z,  .)  -  f{z)  i  +  I  f{z')  -f{Zr^-)) 

by  equation  (5)  of  Theorem  I. 
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It  follows  that 

V 

2    {Zp+i  —  Zp)/{Zp)  —  Sn 
p=-0 


^  2  [|{^,,,-^,('^))|.i€Z-^ 


r=0 


n 

^  JcZ-i   ^    [  i  (01,  ,  -  0,(''))  I  +  1  (;^2, ,.  -  0a, ,.)  I  +  • .  •  +  I  (^r+i^'^^  -  ;^A',,  .)  I  ]  • 

Now,  by  the  Lemma  of  §  9,  the  general  term  of  this  last  summation 
is  less  than  or  equal  to  the  sum  of  the  variations  of  x  (f)  and  3/  (t)  in 
the  interval  #,.<")  to  tr+i^''\  since  the  points 

/v  (n)      ^  ^  ^  ^       (n) 

are  in  order;  and,  hence,  since  the  numbers  ^o^"^,  ti^"\  ...  tn+i^^^^  are  in 
order,  the  whole  summation  is  less  than  or  equal  to  the  sum  of  the 
variations  of  w  (t)  and  3/  (t)  in  the  interval  ^0^''^  to  tn+i^'''' ;  that  is  to  say 


p  =  0 


^  UL-^  X  L 


^U. 


But,  by  Theorem  I,  with  the  choice  of  n  which  has  been  made 

I    cr  ^     I   <  1 

I  >^m       l-^n  I  ^  4^> 

when  m  >  n.     Hence,  since  e  is  independent  of  m, 

I  (  lim  S,r^  -Sn\^  ie, 


I.e. 


Z 


\     f{z)dz-Sn 


^h. 


Therefore 


/, 


z 


f(z)dz-%  {z,,,-z,)f{Z,) 

p  =  0 


^ 


I  V(^)  dz  -S,,    +\  Sn  -  i  fe+,  -  z,)  /(Z,) 


That  is  to  say  that,  corresponding  to  an  arbitrary  positive  number 
€,  we  have  been  able  to  find  a  positive  number  Si  (namely,  the  number 
denoted  by  80  in  Theorem  I),  such  that  if 

0  ^  ^^,,+1  -  tp  %  81,  (^  =  0,  1,  2,  ...  V,  and  t.^,  =  T), 
z 


then 


/    /{z)dz-S  {z,,,-z„)/{Z,) 


<  €. 
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From  this  general  theorem,  we  can  deduce  the  following  particular 
theorem  : 

Theorem  III.      The  value  of  \   f{z)  dz  does  not  depend  on   the 

particular  laiv  by  which  the  points  z^^^^  are  chosen,  provided  that  the  law 
satisfies  the  conditions  r/  §  10. 

Let  points  chosen  according  to  any  other  law  than  that  already  con- 
sidered be  called  ^,>),  (;?  =  0,  1,  . . .  v  ;  U"^  =  z,,  t,,^,^-^  =  Z) ;  then  if  r  be 
the  parameter  of  the  point  ^,  we  can  find  a  number  v^  such  that  when 
v>i'o,  0  ^  T^+a^''>-T^/''>  ^  8„  ;  hence  we  may  take  the  numbers  tp  of 
Theorem  II  to  be  the  numbers  Tj,^"^  respectively,  and  we  will  take 
Zj,  =  Ci}"^ ;  therefore,  by  the  result  of  Theorem  II, 


nz)dz-  2  [&.,<•" -^/') /(«/')] 


<  € 


and,  corresponding  to  any  positive  number  c,  we  can  always  find  the 
number  i^,,  such  that  this  inequality  is  satisfied  when  v 


>  J'o 


Therefore  lim    2   [(^,.,<"'-^;/''))/(y''^)] 

exists **  and  is  equal  to  /    /  (z)  dz,  which  has  been  proved  to  be  the 

Jzo 

value  of 

lim    2    (z,J"^-z;"^)/{z/)); 

and  this  is  the  result  which  had  to  be  proved,  namely  to  shew  that  the 

fZ 

value  of  I    f{z)  dz  does  not  depend  on  the  particular  law  by  which  we 
choose  the  points  z,^''\ 

12.  It  was  assumed  in  the  course  of  proving  Theorem  I  of  §11 
that  if  a  function  of  a  real  variable  was  continuous  at  all  points  of  a 
finite  closed  interval,  then  the  function  was  uniformly  continuous  in 
the  interval. 

A  formal  proof  of  this  assumption  is  now  necessary^*' ;  but  it  is 
expedient  first  to  prove  the  following  Lemma.  The  lemma  is  proved 
for  a  two-dimensional  region,  as  that  form  of  it  will  be  required  later. 

■'  Bromwicli,  Theory  of  Infinite  Series,  §  1. 

^•^  It  was  pointed  out  by  Heine,  CrelWs  Journal,  vol.  lxxi  (1870),  p.  361  and 
vol.  Lxxrv'  (1872),  p.  188,  that  it  is  not  obvious  that  continuity  implies  uniform 
continuity. 
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Gouesat's  Lemma  11.  Given  (i)  a  function  of  position  of  two  points  F\  P, 
which  vMl  he  luritten  {P',  P},  and  (ii)  an  arbitrary  positive  number  e ;  let  a  finite 
two-dimensional  closed  region^'^  R  have  the  property  that  for  each  point  P  of  R 
ive  can  choose  a  positive  number  S  {depending  on  the  position  of  P),  such  that 
I  [P',  P}l:^e  whenever  the  distance  PP'  is  less  than  or  equal  to  §,  and  the 
point  P'  belongs  to  the  region. 

Then  the  region.,  R,  can  he  divided  into  a  finite  number  of  closed  sets  of 
points  such  that  each  set  contains  at  least  one  point  P^  such  that  the  condition 
I  {P',  Pj}  I  •^  €  is  satisfied  for  all  points  P'  of  the  set  under  consideration. 

If  a  set  of  jDoints  is  such  that  for  any  particular  positive  number  e,  a  point 
Pj  can  be  found  such  that 

for  all  points  P'  of  the  set,  we  shall  say  that  the  set  satisfies  condition  (A). 
A  set  of  points  which  satisfies  condition  (A)  will  be  called  a  suitable  set. 

Let  P~  be  the  continuum  formed  by  the  interior  of  R  ;  take  any  point 
of  P~  and  draw  a  square,  Avith  this  point  as  centre,  whose  sides  are  parallel 
to  the  axes,  the  lengths  of  the  sides  of  the  square  being  2Z,  where  L  is  so 
large  that  no  point  of  R  lies  outside  the  square. 

If  every  point  of  R  satisfies  condition  (A),  what  is  required  is  proved. 
If  not,  divide  the  square  into  four  equal  squares  by  two  lines  through  its 
centre,  one  parallel  to  each  axis.  Let  the  sets  of  points  of  R  which  lie  either 
inside  these  squares  or  on  their  boundaries  be  called  a^,  02,  03,  a^  respectively 
of  which  aj ,  a^  are  above  03 ,  04  and  ai ,  a^  are  on  the  left  of  03 ,  a^ . 

If  these  sets,  a^,  02,  og,  04,  each  satisfy  condition  (A),  what  is  required  is 
proved.  If  any  one  of  the  sets,  say  a^,  does  not  satisfy  condition  (A),  divide 
the  square  13  of  which  a^  forms  jDart  into  four  equal  squares  by  lines  parallel  to 
the  axes  ;  let  the  sets  of  points  of  R  which  lie  inside  these  squares  or  on  their 
boundaries  be  called  /S^,  ^9?  /^s  {^^  ^^'^^  figure  one  of  the  squares  into  which 
ai  is  divided  contains  no  point  of  R). 

If  condition  (A)  is  satisfied  by  each  of  the  sets,  we  have  divided  dj  into 
sets  for  which  condition  (A)  is  satisfied  ;  if  the  condition  (A)  is  not  satisfied 
by  any  one  of  the  sets,  say  /Ss,  we  draw  lines  dividing  the  square  (of  side  hL)., 
of  which  /33  forms  part,  into  four  equal  squares  of  side  jZ. 

This  process  of  subdividing  squares  will  either  terminate  or  it  will  not ; 
if  it  does  terminate,  R  has  been  divided  into  a  finite  number  of  closed  sets  of 
points  each  satisfying  condition  (A),  and  the  lemma  is  proved. 

Suppose  that  the  process  does  not  terminate. 

A  closed  set  of  points  R'  for  which  the  process  does  terminate  will  be  said 
to  satisfy  condition  (B). 

Then  the  set  R  does  not  satisfy  condition  (B) ;  therefore  at  least  one  of  the 

11  This  form  of  the  statement  of  Goursat's  Lemma  is  due  to  Dr  Baker. 

12  Consisting  of  a  continuum  and  its  boundary. 

1^  A  square  which  does  satisfy  condition  (A)  is  not  to  be  divided ;  for  some  of 
*he  subdivisions  might  not  satisfy  condition  (A). 
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sets  oi,  ao^  03,  aj  does  not  satisfy  condition  (B).  Take  the /f/-^?^^  of  them  which 
does  not. 

The  process  of  dividing  the  square,  in  which  this  set  lies,  into  four  equal 
parts  gives  at  most  four  sets  of  points,  of  which  at  least  one  set  does  not 
satisfy  condition  (B).  Take  the  first  of  them  which  does  not,  and  continue 
this  2>rocess  of  division  and  selection.  The  result  of  the  process  is  to  give 
an  unending  sequence  of  squares  satisfying  the  following  conditions  : 

If  the  sequence  he  called  s^^  s^,  So,  ...,  then^^ 


(i)      The  side  of  s,^  is  of  length  2  ""Z. 
(ii)     No  point  of  s^^.^  lies  outside  s„. 
(iii)    Two  sides  of  s^  +  i  lie  along  two  sides  of  s,i. 
(iv)     Sn  contains  at  least  one  point  of  R. 

(v)     The  set  of  points  of  R  which  are  inside  or  on  s,,  do  not  satisfy 
condition  (A). 

Let  the  coordinates  of  the  comers  of  «„  be  called 

where  .i;„(i)  <  .v,P\      y,,(^)  <  yS'^. 

Then  (.tJ^))  is  a  non -decreasing  sequence  and  {x^^^))  is  a  non-increasing 
sequence;  and  x^p)—xJ^)  =  ^~"L;  therefore  the  sequences  (a^,j^)),  {x^^^))  have 
a  common  limit  |  such  that  ^'H^^'^^^^y-' ;  similarly  the  sequences  (j/r^^O) 
(^„(2)^  have  a  common  limit  /;  such  that  y iP-^  ^  r}  -^ y rp\ 

Consequently  (|,  77)  lies  inside  or  on  the  boundaries  of  all  the  squares  of  the 
sequence  (sj  ;  further,  (|,  rj)  lies  inside  or  on  the  boundary  of  the  region  R  ; 

^■*  We  take  the  first  possible  square  of  each  group  of  four  so  as  to  get  a  definite 
sequence  of  squares. 

^^  Cp.  Bromwieb,  Theory  of  Infinite  Series,  §  150. 
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for  since  5„  contains  afc  least  one  point  of  R,  the  distance  of  (^,  r))  from  at 
least  one  point  of  i?  is  less  than  or  equal  to  the  diagonal  of  %,  i.e.  2~"X  V^- 
Hence,  corresponding  to  each  square,  s,j,  there  is  a  point  P^  such  that 

where  n  is  the  point  whose  coordinates  are  (|,  rj) ;  this  sequence  of  points 
(Pji)  obviously  has  n  for  its  limiting  j)oint ;  and  since  the  region  R  is  closed, 
the  limiting  point  of  any  sequence  of  points  of  ^  is  a  point  of  R.  Therefore 
n  is  a  point  of  R. 

Then  |  {P',  n}  |  <  e  when  P'  is  a  point  of  R  such  that  P'U  <  K,  where  K 
is  a  positive  number  depending  on  n. 

Choose  n  so  that  2""Z  ^/2  <  bn  ;  then  all  points,  P\  of  s^  are  such  that 
P'n  <  Stt  ;  and  therefore  s^  satisfies  condition  (A)  ;  which  is  contrary  to 
condition  (v). 

Consequently,  by  assuming  that  the  process  of  dividing  squares  does  not 
terminate,  we  are  led  to  a  contradiction ;  therefore  all  the  sequences  terminate; 
and  consequently  the  number  of  sets  of  points  into  which  R  has  to  be  divided 
is  finite  ;  that  is  to  say,  the  lemma  is  proved. 

[The  reader  can  at  once  extend  this  lemma  to  space  of  n  dimensions.] 

In  the  one-dimensional  case,  the  lemma  is  that  if,  given  an  arbitrary 
positive  number  e,  for  each  point  P  of  a  closed  interval  we  can  choose  S 
(depending  on  P)  such  that  |  {P',  P}  |  <  e  when  PP  <  S,  then  the  interval 
can  be  divided  into  a  finite  number  of  sub-intervals  such  that  a  point  Pj  of 
any  sub-interval  can  be  found  such  that  |  {P,  P^}  |  <  e  for  all  points  P  of  that 
sub-interval  ;  the  proof  is  obtained  in  a  slightly  simpler  manner  than  in  the 
two-dimensional  case,  by  bisecting  the  interval  and  continually  bisecting  any 
sub-interval  for  which  the  condition  (A)  is  not  satisfied. 

The  proof  that  a  continuous  function  of  a  real  variable  is  uniformly 
continuous  is  immediate.  Let  f{cc)  be  continuous  when  a%  ^^b  ;  we 
shall  prove  that,  given  e,  we  can  find  So  such  that,  if  ^',  w"  be  any  two 
points  of  the  interval  satisfying  |  a:'  -iv"  \  <  So,  then  \f(.v)  -fix")  \  <  c 

For,  given  an  arbitrary  positive  number  e,  since /(x)  is  continuous, 
corresponding  to  any  x  we  can  find  S  such  that 

I  f(x')  —fix)  I  <  \^  when  |  ,2''  —  ^  |  <  S. 

Then,  by  the  lemma,  we  can  divide  the  interval  a  Xoh  into  a  finite 
number  of  closed  sub-intervals  such  that  in  each  sub-interval  there  is 
a  point,  ^1,  such  that  \fix')-fix^  \  <  |e  when  x  lies  in  the  interval 
in  which  x^  lies. 

Let  So  be  the  length  of  the  smallest  of  these  sub-intervals  ;  and 
let  x\  x"  be  any  two  points  of  the  interval  a  %  x  ^b  such  that 

I      '  "I        5^    . 
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then  x' ,  x"  lie  in  the  same  or  in  adjacent  sub-intervals ;  if  x\  x"  lie  in 
the  same  sub-interval,  then  we  can  find  x-^  so  that 

I  J{X)  -fix,)  I  <  ie,      \f{x")  -fix,)  I  <  le. 

Hence  |/(^') -/(^")  I  <i^. 

If  x',  x"  lie  in  adjacent  sub-intervals  let  ^  be  their  common  end- 
point;  then  we  can  find  a  point  x^  in  the  first  sub-interval  and  a 
point  X.2  in  the    second  such  that 

|/(^')-/(^,)|<ic,   i/(^)-/(^,);<K 
\f{x")-f{x.)  I  <  i€,   !/(^)-/(^,)  I  <  i., 

so  that 

-{/(.«•") -/(.^•2)l +  { /(f) -/ (a^j)}! 


<  e. 


In  either  case  \f(x')-f{x")  \  <  e  whenever  |  x  -x"\<  8o,  where  So 
is  independent  oi  x\  x"  ;  that  is  to  say, /(.r)  is  uniformly  continuous. 

13.     Proofs  of  the  following  theoreiiis  may  be  left  to  the  reader. 
I.     If  AB  be  a  simple  curve  with  limited  variations  and  if  f{z)  be  con- 
tinuous on  the  curve  AB^  then 


jy{z)dz=-jy{z)dz 


That  is  to  Siiy,  changing  the  orientiition  of  the  path  of  integration  changes 
the  sign  of  the  integral  of  a  given  function. 

II.  If  C  be  a  point  on  the  simple  curve  AB,  and  if  f{z)  be  continuous  on 
the  curve,  then 

jjiz)  dz  =  jy{z)  dz+jy(z)  dz. 

III.  If  Zq  and  Zhe  the  complex  coordinates  of  A  and  B  respectively,  and 
if  AB  be  a  simple  curve  joining  A,  B,  then 

''B 


/' 


dz=:Z-Z,. 


A 

IV.     With  the  notation  of  Theorems  I  and  II  of  §  11,  by  taking  Zp  =  Zpi'*), 
and  Zp  in  turn  equal  to  Zi,(")  and  i^;,  +  i("),  it  follows  that 

'■B  n 

zdz  =  h  hm     2    [{Zr  +  l^"^-Zr^''^)  z^i'')] 


i: 


+  i    lim    2   [(^,.  +  i<")-^,-<"))^r  +  i(")] 

n 

=  h   lim     2   [(^,.^i('^))*^-(^,(-))2] 
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§  14.  The  value  of  an  integral  may  depend  on  the  path  of  integration. 
— §  15.  Analytic  functions. — §  16.  Statement  and  proof  of  Cauchy's 
Theorem. — §  17.     Removal  of  a  restriction  introduced  in  §  14. 

14.  Let  Ci,  C2  be  two  unclosed  simple  curves  with  the  same  end- 
points,  but  no  other  common  points,  each  curve  having  limited  varia- 
tions. If  ^oj  Z  be  the  end-points  and  if /(;v)  be  a  function  of  ;:;  which 
is  continuous  on  each  curve  and  is  one-valued  at  z^^  and  Z,  then 

both  exist. 

li  f{z)^z,  it  follows  from  Theorenl  IV  of  §  13  that  these  two 
integrals  have  the  same  value.  Further,  if  (7i,  C^  be  oriented  so  that 
Zq  is  the  first  point  of  Cx  and  Z  the  first  point  of  C2,  and  if  (7i,  C2  have 
no  points  in  common  save  their  end -points,  C-^  and  C^  taken  together 
form  a  simple  closed  curve,  C,  with  limited  variations,  and 

zdz  =  0. 
.  c 

This  result  suggests  that  the  circumstances  in  which 

j^f{z)dz==0, 

(where  C  denotes  a  simple  closed  curve  with  limited  variations^  and 
f{z)  denotes  a  function  of  z  which  is  continuous  on  C)  should  be 
investigated. 

1  A  regular  closed    curve,    satisfying   this   condition,    regarded   as   a   path   of 
integration,  is  usually  described  as  a  closed  contour. 
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The  investigation  appears  all  the  more  necessary  from  the  fact^ 
that  if  C  be  the  unit  circle  \z\  =  \,  described  counterclockwise,  and 
f{z)  ^  z~\  (so  that ;::  =  cos  ^  +  /  sin  t,  -  tt  ^  t  %  it),  it  can  be  shewn  that 

JC 
Conditions  for  the  truth  of  the  equation 

were  first  investigated  by  Cauchyl 

It  is  not  sufficient  that/(2;)  should  be  continuous  and  one-valued 
on  the  regular  closed  curve  C,  as  is  obvious  from  the  example  cited,  in 
which  f{z)  =  z~'^ ;  and,  further,  it  is  7iot  sufficient  that /(c)  should  be 
continuous  at  all  points  of  C  and  its  interior. 

A  sufficient  condition  for  the  truth  of  the  equation  is  that,  given  a 
function  f{z)  whicli  exists  and  is  continuous  and  one- valued  on  the 
curve  C,  it  should  be  possible  to  define  a  function"*,  /(z),  which  exists 
and  is  continuous  and  is  one-valued  at  all  points  of  the  closed  region 
formed  by  C  and  its  interior,  and  which  possesses  the  further  property 
that  the  uni(iue  limit 

lim        ^    , ^— 

(x'  —  x\         z  —  z 

should  exist  at  every  point  ,:;  of  this  closed  region,  it  being  supposed 
that  ,:;'  is  a  point  of  the  closed  region.  The  existence  of  this  limit 
implies  the  continuity  oi  f{z)  in  the  region. 

It  is,  further,  convenient,  in  setting  out  the  proof,  to  lay  a  restriction 
on  the  contour  C,  namely  that  if  a  line  be  drawn  parallel  to  Ox  or  to 
Oy,  the  portions  of  the  line  which  are  not  points  of  C  form  a  finite 
number  of  segments.     This  restriction  will  be  removed  in  §  17. 

15.  Definition.  Analytic  functions.  The  one-valued  continuous 
function  f{z)  is  said  to  be  analytic  at  a  point  c  of  a  continuum,  if 
a  number,   /,   can  be  found  satisfying  the  condition  that,  given  an 

-  Hardy,  A  Course  of  Pure  Mathematics,  §  204. 

3  Memoire  sur  les  integrales  definies  prises  entre  des  limites  imaginaires  (1825) ; 
this  memoir  is  reprinted  in  t.  vii.  and  t.  viii.  of  the  Bulletin  des  Sciences  Matlie- 
matiques. 

■*  Up  to  the  present  point  a  function,  f{z),  of  the  complex  variable  z,  has  meant 
merely  a  function  of  the  two  real  variables  x  and  y. 
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arbitrary  positive  number  €,  it  is  possible  to  find  a  positive  number  8 
(depending  on  e  and  z)  such  that 

\/(z')-f{z)-l(z'-z)\<i.\{z'-z)\, 
for  all  values  of  z'  such  that  \z  -  z\%  c. 

The  number  I  is  called  the  differential  coefficient,  or  derivate,  of 
f{z) ;  if  we  regard  z  as  variable,  I  is  obviously  a  function  of  z  ;  we 
denote  the  dependence  of  I  upon  z  by  writing  l=f'  {z). 

So  far  as  Cauchy's  theorem,  that   I    f{z)dz=^Q,  is  concerned,  it  is 

not  necessary  that/(2;)  should  be  analytic  at  points  actually  on  C ;  it 
is  sufficient  that  f{z)  should  be  analytic  at  all  points  of  the  interior  of 
C  and  that  for  every  point,  z,  of  G, 

\f(z')-f(z)-f'{z).(z-z)\^<\z~z\, 

whenever  \z' -z\  <  3  (where  8  depends  on  c  and  z),  provided  that  z  is  a 
point  of  the  closed  region  formed  by  C  and  its  interior. 

In  such  circumstances,  we  shall  say  that/ (2;)  is  semi-analytic  on  C. 

It  is  not  difficult  to  see  that  analytic  functions  form  a  more  re- 
stricted class  than  continuous  functions.  The  existence  of  a  unique 
differential  coefficient  implies  the  continuit}^  of  the  function  ;  whereas 
the  converse  is  not  true  ;  for  e.g.  |  2;  |  is  continuous  but  not  analytic. 

16.     It  is  now  possible  to  prove  Cauchy's  Theorem,  namely  that : 
If  f{z)  he  analytic  at  all  points  in  the  interior  of  a  regular  closed 
curve  with  limited  variations,  C,  and  if  the  function  be  continuous 
throughout  the  closed  region  formed  hy  G  and  its  interior,  then 


j^f{z)dz  =  0. 


The  theorem  will  first  be  proved  on  the  hypothesis  that  f(^z)  is 
subject  to  the  further  restriction  that  it  is  to  be  semi-analytic  on  G. 

In  accordance  with  §  8,  let  the  orientation  of  G  be  determined  in 
the  conventional  manner,  so  that  if  the  (coincident)  end-points  of  the 
path  of  integration  be  called  Zq  and  Z,  with  parameters  to  and  T,  then, 
as  t  increases  from  ^0  to  T,  z  describes  G  in  the  counterclockwise 
direction. 

The  continuum  formed  by  the  interior  of  G  will  be  called  Il~  ;  and 
the  closed  region  formed  by  E~  and  G  will  be  called  B. 

Let  L  be  the  sum  of  the  variations  of  ^  and  y  a,s  z  describes  the 
curve  G ;  take  any  point  of  Il~,  and  with  it  as  centre  describe  a  square 
of  side  2L,  the  sides  of  the  square  being  parallel  to  the  axes  ;  then  no 
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point  of  R  lies  outside  this  square  ;  for  if  {x^,  y^  be  the  centre  of  the 
square  and  x-i^,  x^  the  extreme  values  of  x  on  R,  then 

Xx  ^  X(,  *$  x-i,     0  "^  ci'o  -  x-i^  ^  L, 

so  that  Xq-\-  L  ^  x-x  +  L  '^  X.2 ',  i.e.  the  right-hand  side  of  the  square  is 
on  the  right  of  R  ;  applying  similar  reasoning  to  tlie  other  three  sides 
of  the  square,  it  is  apparent  that  no  point  of  R  is  outside  the  square. 

Let  e  be  an  arbitrary  positive  number;  then,  since  f{z)  is  anal3^tic 
inside  C  and  semi-analytic  on  C,  corresponding  to  any  point,  z^  of  R 
we  can  find  a  positive  number  8  such  that 

\f{z')-f(z)-(z'  -z)f(z)\%,\z'  -z\, 

whenever  \z  -z\%^  and  z  is  a  point  of  R. 

Hence,  by  Goursat's  lemma  (§  12),  we  "can  divide  R  into  a  finite 
number  of  sets  of  points  such  that  a  point,  z^ ,  of  each  set  can  be  found 
such  that 

i/(-')-/(-.)-(~'-^,)/'(-i)i^'i3'--j, 

where  z  is  any  member  of  the  set  to  which  Si  belongs. 

Suppose  that  R  is  divided  into  such  sets,  as  in  the  proof  of  Goursat's 
lemma,  by  the  process  of  dividing  up  the  square  of  side  2Z  into  four 
equal  squares,  and  repeating  the  process  of  dividing  up  any  of  these 
squares  into  four  equal  scjuares,  if  such  a  process  is  necessary. 

The  effect  of  bisecting  the  square  of  side  2L  is  to  divide  R~  into 
a  Jinite  number  of  continua,  by  Theorem  VI  of  §  6  combined  with  the 
hypothesis  at  the  end  of  §  14  ;  the  boundaries  of  these  continua  are  C 
and  the  straight  line  which  bisects  the  square ;  the  process  of  dividing 
up  the  square  again  is  to  divide  these  continua  into  other  continua; 
and  finally  when  R  has  been  divided  into  suitable  sets,  R~  has  been 
divided  into  a  finite  number  of  continua  whose  boundaries  are  portions 
of  C  and  portions  of  the  sides  of  the  squares. 

The  squares  into  which  the  square  of  side  2L  has  been  divided  fall 
into  the  following  three  classes  : 

(i)      Squares  such  that  every  point  inside  them  is  a  point  of  R. 

(ii)  Squares  such  that  some  points  inside  them  are  points  of  R, 
but  other  points  inside  them  are  not  points  of  R. 

(iii)     Squares  such  that  no  point  inside  them  is  a  point  of  R. 

The  points  inside  C  which  are  inside  any  particular  square  of 
class  (i)  form  a  continuum,  namely  the  interior  of  the  square  ;  the 
points  inside  C  which  are  inside  any  particular  square  of  class  (ii) 
form  one  or  more  continua. 

w.  c.  I.  3 
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Let  the  squares  of  class  (i)  be  numbered  from  1  to  JS^  and  let  the 
oriented  boundary  of  the  A^th  of  these  squares  be  called  0^. 

Let  the  squares  of  class  (ii)  be  numbered  from  1  to  iV'.  Let  the 
set  of  oriented  boundaries  of  the  continua  formed  by  points  of  i?~ 
inside  the  Z;th  of  these  squares  be  called  Cj-. 

N      r  X'     r 

Consider  ^  f(z)dz+  %  f(z)dz; 


we  shall  shew  that  this  sum  is  equal  to  /     f{z)  dz. 

The  interiors  of  the  squares  of  class  (i),  and  the  interiors  of  the 
regions  whose  complete  boundaries  are  C/,  are  all  mutually  external. 
The  boundaries  formed  by  all  those  parts  of  the  sides  of  the  squares 
which  belong  to  Il~  occur  twice  in  the  paths  of  integration,  and  the 
whole  of  the  curve  C  occurs  once  in  the  path  of  integration.  By 
Theorem  II  of  §  8,  each  path  of  integration  which  occurs  twice  in  the 
sum  occurs  with  opposite  orientations;  so  that  the  integrals  along 
these  paths  cancel,  by  Theorem  I  of  §  13. 

Again,  the  interiors  of  all  the  regions  whose  boundaries  are  Cj;  and 
C]c'  are  interior  to  C ;  so  that  the  orientation  of  each  part  of  C  which 
occurs  in  the  paths  of  integration  is  the  same  as  the  orientation  of  C ; 
and  therefore  the  paths  of  integTation  which  occur  once  in  the  summation 
add  up  to  produce  the  path  of  integration  C  (taken  counter-clockwise). 

Consequently 

f    \     f{z)dz+%    I      f(z)dz=f    f{z)dz. 
k=i  J{Cj,)  k=l  JiCj,')  j{G) 


Now  consider  I      f{z)  dz ;  the  closed  region  formed  by  the  square 

Ck  and  its  interior  has  been  chosen  in  such  a  way  that  a  point  Zi  of  the 
region  can  be  found  such  that 

\f{z)  -/(^i)  -{z-  z,)f'  fe)  I  <  c  I  (^  -  ^,)  I , 
when  z  is  any  point  of  the  region. 

Let  f{z)  -f{z^  -(z-  z^f  {z^  =  v{z-  z^), 

when  z^Zx. 

When  z=Zilet  v=0;  then  v  is  a  function  of  z  and  Zi  such  that  \v\<e. 

It  follows  that 

+  /      zf'(zi)dz+  (z-Zi)vdz. 
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But  by  Theorem  III  of  §  13,  ldz  =  Z-ZQ,  where  Z(,,  ^are  the  end- 
points  of  the  path  of  integration  ;  since  Ck  is  a  closed  curve,  Z  -  z^,  so 
that  /       ^^  =  0  ;  so  also,  by  Theorem  IV  of  ^  13,  /,      zdz  =  0. 

Therefore  /      f{z)dz=  iA^-  -i)  ^dz. 

Therefore'^  since  the  modulus  of  a  sum  is  less  than  or  equal  to  the 
sum  of  the  moduli. 


L/^'^'^ 


k 


^  I       \(z-z^vdz 


=^  /      Ik  >J'2€\dz\ 

where  4  is  the  side"  of  Ck  and  Ak  is  the  area  of  Ck,  so  that  Ak^li' ;  it 

is  obvious  by  the  lemma  of  §  9  that  /       \dz\  does  not  exceed  the  peri- 

j{^k) 
meter  of  Ck. 

We  next  consider   /     ^  /(c)  dz ;  if  the  region  of  which  Ck  is  the 
jy^k) 

total  boundary  consists  of  more  than  one  continuum  (i.e.  if  C,'  consists 
of  more  than  one  regular  closed  curve),  we  regard  Ck  as  being  made  up 
of  a  finite  number  of  regular  closed  curves ;  and  since  the  interior  of  each 
of  these  lies  wholly  inside  C,  any  portion  of  any  of  them  which  coincides 
with  a  portion  of  C  has  the  same  orientation  as  C ;  and  the  value  of 

\dz,  jzdz  round  each  of  the  regular  closed  curves  which  make  up  Cu 

is  zero. 

Hence,  as  in  the  case  of  Ck,  we  get 


I         fiz)dz    =    /        v{z-Zi)dz 
JiCk)^  ^  \J{Ck')  '^ 

^j^^^^^(lkj2).e\dzl 


I 


5  The  expression  j  \fiz)dz\  means    lim      S    |  (2;,.+i(")- V>)/(V"))  I  »  ^i*^  the 

notation  of  Chapter  II;  arguments  similar  to  those  of  Chapter  II  shew  that  the 
limit  exists. 

**  The  squares  Ck  are  not  necessarily  of  the  same  size. 

3—2 
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where  4'  is  the  length  of  the  side  of  that  square  of  class  (ii)  in  which 
Cj!  lies. 

Let  the  sum  of  the  variations  of  x  and  y^  as  z  describes  the  portions 
of  C  which  lie  on  Cj^,  be  Lj! ;  so  that 

N' 

^  U  ^  L. 

N'  ^ 

^  L-il  will  be  less  than  L  if  part  of  G  coincides  with  a  portion  of  a 


side  or  sides  of  squares  of  class  (i). 

Now  \       \dz\^U^UT:; 

for,  by  the  lemma  of  §  9,  I     ^  \dz\  h  less  than  or  equal  to  the  sum  of 
the  variations  of  ^  and  y  SiS  z  describes  the  various  portions  of  0^'. 


Therefore 


L'/^'^'' 


^(X;/  +  44')^4V2 


since  4'  ^2L;  A^'  is  the  area  of  the  square  0^'. 

Combining  the  results  obtained,  it  is  evident  that 

f  N     r  N' 

f{z)dz 


c 


N 
k=l 


[]c=iJ{Cj,)  k=i  J{Cj,) 

f{z)dz 


{CjcY 


N' 

+    ^ 
k=l 


f(z)  dz 


^  ^  4:Aj,ej2+  :^  {4.Aj:ej2  +  2L€Lkj2). 

k^l  k=l 

N  N' 

But  it  is  evident  that  '^  Ajc+  '^  A^'  is  not  greater  than  the  area 

k=l  k=l 

N' 

of  the  square  of  side  2L  which  encloses  C ;  and  since   2  Ljf  ^  L,  we 

k=l 

see  that 


lio/^'^ 


dz 


^4x  (2X)'x  €j2  +  2eL'j2 
^lSeL'j2. 


Since  L  is  independent  of  e,  the  modulus  of  /     f{z)  dz  is  less  than 


a  number  Avhich  we  can  take  to  be  ai^hitrarily  small.    Hence  /     f{z)  di. 
is  zero,  if /(;2^)  be  analytic  inside  C  and  semi-analytic  on  C. 
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17.  The  results  of  the  following  two  theorems  make  it  possible  to  remove 
the  restriction  laid  on  C  in  §  14,  namely  that  if  a  line  be  drawn  parallel  to 
Ox  or  to  0?/,  those  portions  of  the  line  which  are  not  points  of  C  form 
a  finite  number  of  segments ;  also  it  will  follow  that  the  assumption  made 
at  the  beginning  of  §  16,  that/(0)  is  semi-analytic  on  C,  is  unnecessary. 

Theorem  I.  Given"'  a  regular  closed  curve  C  and  a  positive  number  d,  a 
closed  polygon  D  can  he  drawn  svjih  that  every  point  of  D  is  inside  C  and  such 
that,  given  any  point  P  on  C,  a  point  Q  on  D  can  he  found  such  that  PQ  <  S. 

Theorem  II.     If  f{z)  he  continuous  throughout  C  and  its  inteHor,  then 

I    f{z)dz—  I     f(z)dz  can  he  made  arhitrarily  small  hy  taking  h  sufficiently 

small. 

It  is  obvious  that  the  condition  of  §  14  is  satisfied  for  polygons,  so  that  if 
f{z)  be  continuous  throughout  C  and  its  interior  and  if  it  be  analytic  inside  C, 

/    /  (2)  o?2=0,  and  therefore  /     f(z)dz=0. 
J  D  J  c' 

Theorem  I.     Let  the  elementary  curves  which  form  C  be,  in  order, 

y=9\{^\    '^'=^iCy)»    y=9-2{-''\    x=h2{y\  ...  y=gs{x),    x=hs{y\ 
and  let  the  interior  of  C  be  called  S~ . 

Let  b  <  lim  sup  ^PQ, 

where  P,  Q  are  any  two  points  on  C. 

Each  of  the  elementary  curves  which  form  C  can  be  divided  into  a  finite 
number  of  segments  such  that  the  sum  of  the  fluctuations  of  x  and  y  on  each 
segment  does  not  exceed  |-S,  so  that  lim  sup  PQ  ^  jS,  where  P,  Q  are  any  two 
points  on  one  segment.  Let  each  elementary  curve  be  divided  into  at  least 
three  such  segments  and  let  the  segments  taken  in  order  on  C  be  called 
cTi,  (To,  ...  (Tn  +  i,  their  end-points  being  called  Pq,  Pi,  ...  Pn  +  i  (  =  Po)- 

Choose  S'  ^  S  so  that  lim  inf  PQ  >  S',  where  P,  Q  are  any  two  points  of 
C  which  do  not  lie  on  the  same  or  on  adjoining  segments^. 

Cover  the  plane  with  a  network  of  squares  whose  sides  are  parallel  to  the 
axes  and  of  length  jS'  ;  if  the  end-point  of  any  segment  a-y  lies  on  the  side  of 
a  square,  shift  the  squares  until  this  is  no  longer  the  case. 

Take  all  the  squares  which  have  any  point  of  or,,  inside  or  on  them  ;  these 
squares  form  a  single  closed  region  Sj.  ;  for  if  ar  be  on  y—g{x),  the  squares 
forming  S^  can  be  grouped  in  columns,  each  column  abutting  on  the  column 
on  its  left  and  also  on  the  column  on  its  right.  Let  the  boundary  and  interior 
of  S/^  be  called  (7,.  and  S-,r  respectively. 

Then  S^.  possesses  the  following  properties  : 

(i)     Sr  contains  points  inside  C  and  points  outside  C. 

7  This  result  will  be  obtained  by  the  methods  of  de  la  Vallee  Poussin,  Cours 
d'' Analyse  Infinitesiinale  (1914),  §§  343-344. 
^  See  note  15,  p.  10. 
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(ii)  Sr~  lias  at  least  one  point  P,.  (and  therefore  the  interior  of  one 
square)  in  common  with  S~^.  +  i. 

(iii)  >S',.,  Sr  +  2  have  no  point  in  common;  for  if  they  had  a  common 
point  P,  points  Qy,  Qr+2  could  be  found  on  cr,.,  a,. +  2  respectively,  such  that 
FQr^k^'j2,  FQr  +  2^k^'  \^^,  and  then  ^,. ^,.  +  2  <  i^ V2  <  S',  which  is  im- 
possible. 

(iv)  Since  >S,._i,  S^  +  i  have  no  common  point,  S^  consists  of  at  least 
three  squares. 

(v)  liy=g{x)  has  points  on  m  squares  which  lie  on  a  column,  the  sum 
of  the  fluctuations  of  x  and  y  as  the  curve  completely  crosses  the  column  is  at 
least  (m— 1)S',  (or  S'  if  m  =  l);  in  the  case  of  a  column  which  the  curve  does 
not  completely  cross,  the  sum  of  the  fluctuations  is  at  least  {m  —  2)  S',  (or  0  if 
m  =  l).  The  reader  will  deduce  without  much  difficulty  that  the  ratio  of  the 
perimeter  of  Sy.  to  the  sum  of  the  fluctuations  of  x  and  y  on  cr,.  cannot  exceed 
12  ;  in  the  figure,  the  ratio  is  just  less  than  12  for  the  segment  o-,.  +  i. 


If  cTr-ii  (Tr,  (Tr+i  be  all  on  the  same  elementary  curve,  it  is  easy  to  see  that 
a  point  describing  C^.  counter-clockwise  (starting  at  a  point  inside  C  and 
outside  Cr-i,  C^+i)  will  enter  >S'~,._i,  emerge  from  >S'~,._i  outside  C,  enter 
S~r  +  i  outside  (7  and  then  emerge  from  S~r+i. 

If,  however,  o-,._i,  a,,  be  on  adjacent  elementary  curves,  a  point  describing 
Cr  inay  enter  and  emerge  from  S~r-i  more  than  once;  but  it  is  possible  to 
take  a  number  of  squares  forming  a  closed  region  S^',  whose  boundary  is  ^,., 
consisting  of  the  squares  of  S^  and  >S',._i  together  with  the  squares  which  lie 
in  the  regions  (if  any)  which  are  completely  surrounded  by  the  squares  of 
>S'^  and  aS',._i.  Then,  as  a  point  describes  ^,.  counter-clockwise,  it  enters  and 
emerges  from  ^"",.-2  and  S~r  +  i  only  once.  If  we  thus  modify  those  regions 
Sr  which  correspond  to  end  segments  of  the  elementary  curves,  we  get  a  set 
of  m-1-1  (<  n)  closed  regions  Tp,  with  boundaries  Dp  and  interiors  Tp~,  sue 
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that  Dy,  meets  Dp  + 1  but  non- consecutive  regions  are  wholly  external  to  one 
another. 

Now  consider  the  arc  of  each  polygon  Dp  which  lies  outside  T~ p_i  and 
^~p  +  i  but  inside  C;  these  overlapping  arcs  form  a  closed  polygon  D  which  is 
wholly  inside  C,  with  arcs  of  i>i,  D^.,  ...,  occurring  on  it  in  order.  Also,  if  P 
be  any  point  of  o-^ ,  there  is  a  point  Q  of  o-^  or  o-,.  + 1  which  is  inside  a  square 
which  abuts  on  Z),  and  therefore  the  distance  of  P  from  some  point  of  D  does 
not  exceed  PQ+^h'  <  ^§  +  ^5'  <  S. 

Theorem  I  is  therefore  completely  proved. 
Theorem  II.     Let  6  be  an  arbitrary  positive  number. 
(i)     Choose  S  so  small  that 

l/(^)-/'(^)l<3Ve^-^ 

whenever  [Z  — 2|^3S  and  2,  z'  are  any  two  points  on   or  inside  C,  while 
Li  =  12L,  where  L  is  the  sum  of  the  fluctuations  of  .r  and  y  on  C. 
(ii)     Choose  such  a  parameter  t  for  the  curve  C  that 

whenever  |^-^|^§;  this  is  obviously  possible,  for,  if  the  inequality  were 
only  true  when  \  f  - 1  \  ^X8,  where  \  is  a  positive  number  less  than  miity  and 
independent  of  t,  we  should  take  a  new  parameter  T  =  \~^t. 
It  is  evident  from  (i)  that 

whenever  |  £:'  -  2  |  ^  S  and  z,  z'  are  any  two  points  on  C. 

Draw  the  polygon  D  for  the  value  of  8  vmder  consideration,  as  in  Theorem  I. 
Take  any  one  of  the  curves  Dp ;  if  it  wholly  contains  more  than  one  of  the 
regions  Sr,  let  them  be  *SV_i,  *SV.  Then  there  is  a  point  Zp  of  a-,._i  or  a-,,  in  one 
of  the  squares  of  Dp  which  abuts  on  D ;  let  (p  lie  a  point  on  the  side  of  this 
scpiare  which  is  part  of  D. 

Then  Zp  +  i  is  on  ar  +  u  ^-nd  hence  \zp  +  i-Zp\  does  not  exceed  the  sum  of  the 
fluctuations  of  a;  and  y  on  o-^- 1,  cr,.,  cr,.  + 1  ;  i.e.  \Zp  +  i  —  Zp\<^8<d. 

Also  the  arc  of  D  joining  (p  to  ^,^  +  1  does  not  exceed  12  times  the  sum  of 
the  fluctuations  oi  x  and  y  on  the  arcs  o-,._i,  cr,.,  a-r  +  i  and  so  does  not  exceed 
38 ;  and  the  sum  of  the  fluctuations  of  ^,  77  as  (  describes  D  does  not  exceed  the 
sum  of  the  perimeters  of  the  curves  CV,  i.e.  it  does  not  exceed  Zi  =  12Z. 

Take  as  the  parameter  r,  of  a  point  (  on  D,  the  arc  of  D  measured  from 
a  fixed  point  to  ^. 

We  can  now  consider  the  value  of  I     f(z)dz. 

J  C 
By  conditions  {i)  and  (ii)  coupled  with  Theorem  II  of  §  11,  we  see  that, 
since  \Cp  +  i-CpI^\tp+i-  Tp  [  ^  3d, 

and  j  I    f{z)dz-   2  (Zp^^- Zp)f{Zp)\ 
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But 


[  f{z)dz-(   fiOdC 

J  C  J  B 

^    j  /     f{z)dz-    2  (^p  +  i-%)/(2p)! 

+  W  fiOdC-  S  {Cp^,-Qf{Cv)\\ 

{m  m 

2   (%  +  i-%)/(^p)-    2  (Cp  +  l-Cp)/(tp) 
p=0  p=0 


<if  + 


2    {(^p  + 1  -  Zp)f{Zj,)  -  (Cp  + 1  -  Q  /(Cp)} 


Write 
so  that 
Then 


/(Cp)  =/(%)  +  ^'p?      Cp  =  %  +  J^joj 

i  ^P  I  <  aV  f  A~^     I  '7p  I  <  ^'' 


2  (^p  + 1  -  2p)  f{z^)  -  (Cp  + 1  -  Cp)fiCp) 

p=0 

m  I 

2  [(%-  '?p+i)/  (%)  -  (Cp+i  -  Cp)  {/(Cp)  -/(^p)}] 

m  \ 

2  ['7p  + 1  {/(^p  + 1)  -f(^p)}  -  (Cp  + 1  -  Cp)  ^p] 

p=0  I 

<   2  I  J7p  +  i{/(2;p  +  i)-/(2p)}|+    2   |(tp  +  i-Cp)i'p|  • 

P=:0  P  =  0 

Hi 

Now  2   \vp  +  i{f{h  +  i)-fi^p)}\<  3V(^^^  +  1)S'^^~'. 

by  condition  (ii),  while 

m  m 

2     I  (Cp  +  1  -  Cp)i^p|  <  32^A~^   2     ICp  +  1-Cpi 
p=0  p=0 

Therefore,    collecting    the   results  and   noticing  that   {m  + 1)  S'  <  L,   we 
see  that 


jj{z)dz-jj{z)dz 


<€. 


If  now,  in  addition  to  the  hypothesis  of  the  enunciation  of  Theorem  II, 
that  f{z)  is  continuous  throughout  (7  and  its  interior,  we  assume  that  f{z)  is 
analytic  in   the  interior  of  (7,  then  f(z)  is  analytic  throughout  I)  and  its 

interior,   and   so     I    f{z)dz=^0,   by    §16;    and   then,    by    the    result    that 
J  D 

I  /     f{z)dz   <  e,  Ave  infer  that   /     f  {z)  dz  =  0.     The  result  stated  at  the  be- 

\jc  J  c^ 

ginning  of  §  16  has  now  been  completely  proved. 
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§  18.  Change  of  variable  in  an  integral.— §  19.  Differentiation  of  an 
integral  with  regard  to  one  of  the  limits. — §  20.  Uniform  differentia- 
bility implies  a  continuous  differential  coeflBcient,  and  the  converse. 

18.  Chanrje  of  variable  in  an  integral.  Let  I  be  the  complex 
coordinate  of  any  point  on  a  simple  curve  AB,  with  limited  variations. 
Let  z  =  g{t,)  be  a  function  of  C  which  has  a  continuous  differential  coeffi- 
cient, g'  (0,  at  all  points  of  the  curve,  so  that,  if  ^  be  any  particular 
point  of  the  curve,  given  a  positive  e,  we  can  find  B  such  that 

\g{n-o{o-a'-og'a)\^^\i'-^\> 

when  I  ^'  -  #  I  =$  8 ;  it  being  supposed  that  t,  t'  are  the  parameters  of  C,  T- 
If  #„,   T  be  the  parameters  of  -^,  B,  suppose  that  ;:;  describes  a 

simple  curve  CD  as  t  increases  from  to  to  T. 
Then  the  equation 

is  true  ij/{z)  he  a  continuous  function  on  the  curve  CD. 

By  Theorem  II  of  §  11,  given  any  positive  number  c,  it  is  possible 
to  find  a  positive  number  8'  such  that  if  any  v  numbers  ^i,  to,  •■•  ^„ 
are  taken  so  that  0  ^  f^+i - tp  ^  8',  and  if  T^,  be  such  that  tp^Tp^  tp+-^, 
then 


JCD  n=0 


<  e. 


'CD  p=o 

Given  the  same  number  e,  we  can  find  8"  such  that  if  any  v  numbers 
ti,  ^2,  •••  t^  are  taken  so  that  0  ^tp+i-tp^S",  and  if  Tp  be  such  that 
tp%  Tp^tp+i,  then 


/. 


AB  p=o 


<  €, 
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Avhere  Wjj,  Zp  are  corresponding  points  on  AB,  CD;  we  take  S  to  be 
the  smaller  of  S',  8"  and  choose  the  same  values  for  ^i,  ^o,  •••  ^u  in  both 
summations,  where  0  ^  tp+i  -  tp  ^  S,  and  we  take  Tp  the  same  in  both 
summations. 

Now  divide  the  range  to  to  T  into  any  number  of  intervals  each 
interval  being  less  than  S ;  and  subdivide  each  of  these  into  a  number 
of  intervals  which  are  '  suitable '  for  the  inequality 

\ci{i'}-</(0-{C-Og'(0\^<C-0. 

Then  taking  the  end-points  of  these  intervals  to  be  t^,  ti, 
and,  taking  Tp  to  be  the  point  of  the  ^j'th  interval  such  that 

at  all  points  ^  of  the  arc  CpCp+i  of  AB,  we  have 


^n     -^  > 


S  {z,,,-z,)/{Z,)-  S  {i„»-i„)/{Z,)g'{W,) 


2  /(Z,)  {g  a,,,)  -  g  {Q  -  (4„  -  Q  g  ( W,)\ 

2  /(^p)  [{^ (fp«) -g{W,)- (4,, - W,) g  ( TT,)} 
-  {^  (4)  -^  ( W,)  -  a,  -  IF,)  g'  ( IF,)}] 


S  2  |/(4,)€{|4„-TFj,|  +  |IF^-4l}|. 

Let  iy  be  the  sum  of  the  fluctuations  oi  ^,  rj  on  AB  and  let  ML~^ 
be  the  upper  limit  of  \f{z)\  on  CD;  M  exists  since  f{z)  is  con- 
tinuous. 

Then,  by  the  last  inequality, 


2  fe.>-%)/(^,)-  2  «,«-g/(^,)3'(Tf'p) 


<eil/. 


Therefore 


^5/(!7(0)^'(0'^f-jp„/(^)rf^l 


,„/{f/(0)5''(0<^C-  2  (^,«-W(Z,)/(IF,) 


/(5;)r/2;+  %  {Zp^^-Zp)f{Zp) 

LJJ  pz=0 


+  2  (4«-y/(Z,)/(TF,)-  S  fe«-2,)/(Z,) 

p=0  p=0 


(2  +  iltf )  €  ; 
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since  M  is  fixed,  e  is  arbitrarily  small  and  the  two  integrals  exist,  we 
infer  that 

Corollary.     Taking  /(;:;)  =  1,  we  see  that 

this  is  the  formula  for  the  integral  of  a  continuous  differential  coeffi- 
cient. 

19.     Differentiation  of  an  integral  with  regard  to  one  of  the  limits. 

Let  AB  be  a  regular  unclosed  curve  such  that  if  any  point  P  on  it 
be  taken,  and  if  Q  be  any  other  point  of  it,  the  ratio  of  the  sum  of  the 
variations  of  the  curve  between  P  and  Q  to  the  length  of  the  chord 
PQ  has  a  finite  upper  limit  \  k. 

Let  f(z)  be  continuous  on  the  curve  and  let  Cq,  Z^  Z+h  he  any 

three  points  on  it ;  then  if  Zq  be  fixed,    \    J  {z)  dz  is  a  function  of  Z 

.% 
only,  say  <t>{Z) ;  and 

f  -*  0  /* 

where  t  is  the  dij^erence  of  the  parameters  of  Z,  Z  +  h. 

We  can  find  8  so  that  \f{Z+h)-f(Z)  \  <  €  when  t  <h,  where  «  is 
arbitrary. 

Now 

rz+h 

h-'\<t>(Z+h)-cf>(Z)]  =  h-'  f{z)dz 

Jz 

=  h-'  lim     2/(Z4-^(«)).(/^.^i(")-^,(")), 

n-*-  00  r=l 

where  Ao^"^  =  0,  hn+i^'^^  =  h;  it  being  supposed  that  the  points  hj^'^^  are 
chosen  in  the  same  way  as  the  points  z,S'^^  in  §  10  of  Chapter  II. 
Therefore 

=  !  k-'  lim     2  /{Z+  /;,"") .  {hrJ"^  -  ^  W)  -  h-\f(Z)  2  {h,J"^  -  A,<»)) 

I  /i-*'0o  r=l  r=l 

h-'  Km     i  {f{Z  +  hr^  -f{Z)] .  (/^.,,(")  -  hn 
^  This  condition  is  satisfied  by  most  curves  which  occur  in  practice. 
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n 

^  I  h-^  I  lim    2  I  {f{Z  +  A,('^))  -y  (Z)}  I .  I KJ'')  -  hr^^^  I 

n 

But,  by  the  lemma  of  §  9, 

n  *  -  - 

r=l 

SO  that  !  /^-l  {<^{Z  +  h)-4>  (Z)}  -f{Z)  \  <  ke, 

since  e  is  arbitrary  and  A;  is  fixed,  it  follows  from  the  definition  of  a 
limit  that 

20.  Unifoi^m  differentiahility  implies  a  continuous  differential 
coefficient,  and  the  converse. 

Let/(2;)  be  uniformly  differentiable  throughout  a  region;  so  that 
when  e  is  taken  arbitrarily,  a  positive  number  8,  independent  of  z, 
exists  such  that 

\f{z-)-f{£)-{z-z)f{z)\%l_.\z-z\, 

whenever  \z'  —  z\^h  and  z,  z  are  two  points  of  the  region. 
Since  \z  —  z'\-^^,  we  have 

\f(z)-f{z')-{z-z')f{z')  i  ^  h\z-z  |. 

Combining  the  two  inequalities,  it  is  obvious  that 

\(z'-z){f  {z')-f'  {z)]\^ie\z'  -z\+l.\z-z'\, 

and  therefore  \f'  (z)  -/'  (z)  \  ^  e, 

whenever  \z'  —  z\  ^  8  ;  that  is  to  say,  /'  (z)  is  continuous. 

To  prove  the  converse  theorem,  let/'  (z)  be  continuous,  and  there- 
fore uniformly  continuous,  in  a  region ;  so  that,  when  e  is  taken 
arbitrarily,  a  positive  number  8,  independent  of  z,  exists  such  that 

l/'(2')-/'(^)i^K 

whenever  \z  —z\  ^ S. 

Consider  only  those  points  z  whose  distance  from  the  boundary  of 
the  region  exceeds  S  ;  take  \z-  Z\  ^8. 

Then  since  f(z)  is  differentiable,  to  each  point  C  of  the  straight 
line  joining  z  to  Z  there  corresponds  a  positive  number  S^  such  that 

\f{O-f(0-{i'-0/'{i)\^Mi'-i\, 

whenever  |  T  - C|  ^  8^  and  C'  is  on  the  line  zZ. 
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By  Goursat's  lemma,  we  may  divide  the  line  zZ  into  a  finite 
number  of  intervals,  say  at  the  points  Co(=^),  ti,  ti-'-'^n,  Cn+i{=Z), 
such  that  there  is  a  point  Zr  in  the  rth  interval  which  is  such  that 

i/(0  -/(-,.)  -a-  :,)/'  {Z,)  K  Ae  i  f  -  5,.  I, 
for  all  points  ^  of  the  interval. 

Therefore     f{Q  -/(z^)  -  (Cr  -  z^)/'  (zr)  =  v,  (Cr-z,), 

where  |^r|^|€>  IVi^Jc. 

Also,  since  \zr  —  z\%  8, 

f  (Zr)  =/'  (C)  +  7,., 

where  !  >7;- '  ^  i^. 

Therefore  /{Q  - /"(C-i)  -  (4  -  L-,)/'  {zr) 

Taking  r  =  1,  2,  ...  n+  1  in  turn,  and  summing  we  get 
/(Z)-f{z)-{Z-z)f'(z) 

=  1'  Vr  (ir  -  4-)  +  "2'  {v,  (4  -  C.)  -  V  (4-,  -  -,■)}. 

But,  since  the  points  4(=-X  -i>  ^u  ^^s  ...  ^„,  ;:r,o  4+i(=^)  are  in 
order  on  a  straight  line, 

"x{iar~Zr)\  +  m-,-Zr)\}  =  \Z-z\, 
r=l 

and  SO      \f{Z)-/{z)-{Z-z)/'{z)i%h\Z-z\-^},.\Z-z\, 
whenever  {Z-zl'^S  and  the  distance  of  ;:;  from  the  boundary  of  the 
region  does  not  exceed  S.    Therefore,  if/'  (2;)  is  continuous  throughout 
a  region,  f(z)  is  uniformly  differentiable  throughout  the  interior  of 
the  region. 

The  reader  will  find  no  difficulty  in  proving  the  corresponding 
theorems  when  /(z)  is  uniformly  differentiable  or  when  /'  (;:;)  is  con- 
tinuous, and  z  is,  in  each  case,  restricted  to  be  a  continuous  function  of 
a  real  variable  t. 


CHAPTER   V 

THE    CALCULUS    OF    RESIDUES 

§  21.  Extension  of  Cauchy's  Theorem. — §  22.  The  differential  coefficients 
of  an  analytic  function. — §  23.  Definitions  of  pole,  residue. — §  24.  The 
integral  of  a  function  round  a  closed  contour  expressed  in  terms  of  the 
residues  at  its  poles. — §  25.  The  calculation  of  residues. — §  26. 
Liouville's  Theorem. 

21.  Let  Che  a,  closed  contour  and  let  f{z)  be  a  function  of  z 
which  is  continuous  throughout  C  and  its  interior,  and  analytic  inside 
C.  Let  a  be  the  complex  coordinate  of  any  point  P  not  on  C.  Then 
the  extension  of  Cauchi/s  theorem  is  that 

—.  [  ^^dz  =  0       if  P  be  outside  (7] 
2'n■^  Jc  z-  a  j- . 

=  f{a)  if  P  be  inside  C   J 

The  first  part  is  almost  obvious  ;  for  if  F  be  outside  C  it  is  easily 
proved  that  f{z)/{z  —  a)  is  analytic  at  points  inside  C  and  continuous 
on  C.     Therefore,  by  the  result  of  Chapter  III, 


-m  JC  z  —  a 


27^^ 

Now  let  P  be  a  point  inside  C. 

Through  P  draw  a  line  parallel  to  Ox;  there  will  be  two^  points 
Qi,  ft  on  this  line,  one  on  the  right  of  P,  the  other  on  the  left,  such 
that  §1,  ft  are  on  C,  but  no  point  of  ft  ft  except  its  end-points  lies  on 
C.  [The  existence  of  the  points  ft,  ft  may  be  established  by  arguments 
similar  to  those  in  small  print  at  the  foot  of  page  11.] 

1  Points  on  the  line  which  are  sufficiently  distant  from  P  either  to  the  right  or 
left  are  outside  C.  Since  a  straight  line  is  a  simple  curve,  the  straight  lines 
joining  P  to  these  distant  points  meet  C  in  one  point  at  least. 
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Qi,  Q'2  divide  (7  into  two  parts  o-i,  0-3  with  the  same  orientations  as 
C  \  let  o-j,  a.2  be  chosen  so  that  §1,  Q2  are  the  end-points  of  the  oriented 
curve  o-i,  and  Q.,,  Qi  are  the  end-points  of  the  oriented  curve  0-3 . 

Let  the  shortest  distance  of  points  on  C  from  P  be  81 ;  choose  8  so 
that  8:^81,  8<  1  and 

I  f(z)  -f(a)  -{z-  a)f'  {a)\^.\z-a\ 
when  \z-a\  ^8,  where  e  is  an  arbitrary  positive  number ;  draw  a  circle 
with  centre  P  and  radius  ?'  ("$  |8).* 

Let  QiQ>  meet  this  circle  in  P^^P^;  let  the  upper  half  of  the  circle, 
with  the  orientation  (a-r,  a  +  r)  of  its  end-points,  be  called  B^,  and 
let  the  lower  half  of  tlie  circle,  with  the  orientation  {a  +  r^  a  —  r)  of  its 
end-points,  be  called  B.2. 

Let  the  circle,  properly  oriented,  be  called  C3,  so  that  the  orienta- 
tions of  Bi  and  B.2  are  opposite  to  that  of  C-j. 

Proofs  of  the  following  theorems  are  left  to  the  reader : 

_     (i)       c 
oriented. 


o-i,   Q>Pi,  Pu    P\Q\   form   a  closed   contour,    (7i,   properly 
^2,   Q\P\,   B.2,    PiQ-  form   a   closed   contour,    (7o,    properly 


oriented 

(iii)     P  is  outside  Ci  and  64. 

(iv)    f{z)l{z  -  a)  is  analytic  inside  C^  and  Co ;  and  it  is  continuous 
throughout  the  regions  formed  by  Ci,  C>  and  their  interiors. 


Now  consider 


dz  + 


I 


m 

C^  z  —  a 


d^ 
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The  path  of  integration  consists  of  the  oriented  curves  o-^,   o-o, 

P.Qu  QiPi,  P2Q2,  Q2P2,  Bi,  B,. 

The  integrals  along  the  oriented  curves  o-j,  o-g  make  up  the  integral 
along  C.  The  integrals  along  the  oriented  curves  Pi  ft,  QiPi  cancel, 
and  so  do  the  integrals  along  the  oriented  curves  P2Q2,  Q2P2 ',  while  the 
integrals  along  the  oriented  curves  B^,  B^  make  up  minus  the  integral 
along  the  oriented  curve  C^,  since  the  orientations  of  B^,  Bo  are 
opposite  to  the  orientation  oi  C^. 

Hence 

[  md,^i  m,,^f  m,,f  m,,. 

JC^z-a  JCoZ  —  a  jCz  —  a  Jc.^z  —  a 

Now  f{z)/{z  —  a)  is  analytic  inside  (7i  and  C2  and  is  continuous 
throughout  the  regions  formed  by  Ci,  C.2  and  their  interiors.  Hence,  by 
§  17,  the  integrals  along  Ci  and  C2  vanish. 

Hence^  L^^dz^l    i^dz. 

Jcz  —  a  Jc^z-a 

Let  f{z)  -f{a)  -(z-  a)f'  (a)  =  v(z-  a), 

so  that,  when  ;v  is  on  6^3,  |  v  |  ^  e. 

Then 

[    ^  dz=f{a)  (    -^  +f'(a)  (    dz-i-  [    vdz. 
Jc^z-a         -^^^JCsZ-a    -"    ^  WC3  Jc^ 

But,  since  Cs  is  a  closed  curve,  I     dz^O,  by  Theorem  HI  of  §  13. 

f      dz 
To   evaluate    /     ,  put   z^a  +  7^  (cos  0  +  i sin  0) ;    6*  is   a   real 

y  Go  Z      CI 

number  and  is  the  angle  which  the  line  joining  z  to  a  makes  with 
Ooj.  Consequently,  since  a  is  inside  C^,  0  increases  by  27r  as  z  de- 
scribes C3. 

Hence,  by  the  result  of  §  18, 

dz        /•a+27r  _  gi^  0  +  { (.Qs  0 

7. — r—. — TT  dd 


c^z  —  a     Jo.  cos  u  +  I  sm 

=  27tL 


Therefore  /     ^^  dz-27rif{a)=  i    vdz, 

Jc,z-a  -"  ^  ^     Jc, 


■^  This  result  maybe  stated  "The  path  of  integration  may  be  deformed  from 
C  into  C3  without  affecting  the  value  of  the  integral.  "^ 
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SO  that  (  '^dz-27rif(a)    ^[    \vdz\ 

jcz-a  '   '  '       Jc.,'        ' 

Putting  z^a  +  r (cos  t  +  i sin t),  we  get" 

(    \dz\=  lini     2  r  \  {cos  #,.+i<">  +  «  sin  tr^^^"^  -  cos  ^^<")  -  i  sin  #,<">} 

JC;,  yj_^00      /•=0 

where  ^,(«)  <  ^,+i<«),    C'' =  #o,     i?.+i<")  =  ^o  +  Stt, 

so  that  /     \dz\=  lim     2  2?- 1 sin  ^ (jf^+Z") -  ^,.<")) | 


^    lim     2  2r.i(Ui"''-^r^"0 
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^  27rr. 


Hence 


f  ^^^  dz  -  27r//(a) 
Jc z-a  ^  ^  ' 


is  less  than  27rr€,  wliere  ;•  •$  1  and  c  is  arbitrarily  small.     Consequently 
it  must  be  zero  ;  that  is  to  say 


f  ■^-^dz  =  2iT',f{a). 
Jc  z-a  ''  ^  ' 


22.  Let  (7  be  a  closed  contour,  and  let  f{z)  be  a  function  of  z 
which  is  analytic  at  all  points  inside  C  and  continuous  throughout  C 
and  its  interior ;  let  a  be  the  complex  coordinate  of  any  point  inside  G. 

Then  f{z)  possesses  unique  different ial  coefficients  of  all  orders  at  a  ; 
and 


d-fia)  ^n}^   [      f(zl 
da''        27ri  Jc  (z  -  aY+' 


{z  -  a)' 

All  points  sufficiently  near  a  are  inside  0 ;  let  8  be  a  positive 
number  such  that  all  points  satisfying  the  inequality  \z-a\-^2S  are 
inside  C ;  and  let  h  be  a?ii/  complex  number  such  that  |  A  |  ^  8. 

Then,  by  §  21, 

^  ^     27^^  Jc  z-a     ' 


/(a  +  /,)  =  ^, 


./•(--) 


27n  Jc  z  —  a  —  h 


dz. 


^  The  notation  of  Chapter  II  is  being  employed. 


W.  C.  I. 
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Therefore 
f{a  +  h)  ~f{a) 


^  7( 


/(^) 


h  Itvi  Jc  {z  -  of  27^^  ]g  (z  -af  (z-a-  h) 

Now  when  2;  is  on  C, 

\z-a\^2Sj  \z- a- h\^B,  and^  \f(z)\<K, 
where  iT  is  a  constant  (independent  of  h  and  8). 

Hence,  if  L  be  the  sum  of  the  variations  of  x  and  2/  on  C 


dz 


i 


/(^) 


G  {z-  ay  {z~a-~  h) 


dz\  ^ 


^ 


f{z)dz 


.  c  , 

KL 

48^  • 


{z  —  af  {z  —  a  —  h) 


Therefore 


f{a  +  k)-f(a)       1 


/(^) 


k  27ri  Jc  {z-  af 

where  h  I  ^  I  ^  I  KLI(S7rh'). 

Hence,  as  k  ~^0,  v  tends  to  the  limit  zero. 


7^dz-v, 


Therefore 


h 


has  the  value  ^.  I     /  ^'^\^  dz ;  that  is  to  say, 


The  higher  differential  coefficients  may  be  evaluated  in  the  same 
manner;  the  process  which  has  just  been  carried  out  is  the  justification 
of '  differentiating  with  regard  to  a  under  the  sign  of  integration '  the 
equation 


/(«)= 


27^^  Jc  z  —  a 


dz. 


If  we  assume  that  - 


dV{a) 


da' 


exists  and 


d'^f{a)      n 


da'' 


-I  ^ 

I  Jciz- 


/(^) 


27rz  Jc  (z-  a) 


\n+l 


dz 


.(6), 


^  On  C,  the  real  and  imaginary  parts  of  f{z)  are  continuous  functions  of  a  real 
variable,  t;  and  a  continuous  function  is  bounded.  See  Hardy,  A  Course  of  Pure 
Mathematics,  §  89,  Theorem  I. 
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a  .similar  process  will  justify  differentiating  this  equation  with  regard 
to  a  under  the  sign  of  integration,  so  that 

But  (6)  is  true  when  n  =  \  ;  hence  by  (6  a),  (6)  is  true  when  n  =  2  -, 
and  hence,  by  induction,  (6)  is  true  for  all  positive  integral  values  of  n. 

23.  Definitions.  Pole.  Residue.  Let  f{z)  be  continuous 
throughout  a  closed  contour  C  and  its  interior,  except  at  certain  points 
«!,  a.,,  ...  Urn,  inside  C,  and  analytic  at  all  points  inside  C  except  at 

Let  a  function  ij/  (z)  exist  which  satisfies  the  following  conditions : 

(i)  xl/(z)  is  continuous  throughout  6' and  its  interior,  analytic  at 
all  points  inside  C. 

(ii)     At  points  on  and  inside  C,  with  the  exception  of  «i,  a.,  ...  «,„, 

hi 

/{z).-il^{z)+   2   0,(c) (7), 

r=l 

where  4>,.  (c)  =     ^—  +  .      '+...+  ^-^- . 

z-a,.     (z-a,.)-  (z-a,)''- 

Then  /(z)  is  said  to  have  a  pole  of  order  n,.  at  the  point  a,. ;  the 
coefficient  of  (z-a,)~\  viz.  />,,,.,  is  called  the  residue  oi  f{z)  at  a,.. 
It  is  evident  by  the  result  of  Chapter  III  that 


j^^{z)dz  =  i)', 
so  that,  by  (7),  J^./(c)  dz  =  2   j^  <i>,  (z)  dz. 

24.     This  last   equation  enables  us  to  evaluate   /   /(z)  dz ;    for 

consider   I    </>,.  (z)  dz.     The  only  point  inside  C  at  which  <^,.  (z)  is  not 

analytic  is  the  point  z  =  «,..  With  centre  a,,  draw  a  circle  C  of  positive 
radius  p,  lying  wholly  inside  0 ;  then  by  reasoning  precisely  similar  to 
that  of  §  21,  we  can  deform  the  path  of  integration  C  into  C  without 
affecting  the  value  of  the  integral,  so  that 


j^<l.,.(z)dz  =  j^,M«)d^ 


4—2 
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To  evaluate  this  new  integral,  write 

z  =  ar  +  p  (cos  0  +  i  sin  ^), 
so  that  0  increases  by  27r  as  z  describes  C ;  as  in  §  21,  if  a  be  the 
initial  vakie  of  0, 

r  ra+2w 

I  ^  (f>r  (z)  dz  =  I         (f>r  {z)  p  (-  sin  6  +  i  cos  6)  dO 

=    2   hn,r  p'"'"  i  {cos  {n-l)6-i  sin  {n  -  1)  0}  dO. 

Now  it  is  easily  proved  that 


/: 


sm 


if  m  is  an  integer  not  zero. 

in 


Therefore      1     c/)r  (z)  dz  =  I         hy^r  idO  =  27ri  bj^  r . 
Therefore  finally, 

m 

=  27^^  2  ^1  r. 

r=l 

This  result  may  be  formally  stated  as  follows  : 
If  f{z)  be  a  function  of  z  analytic  at  all  points  inside  a  closed 
contour  G  with  the  exception  of  a  number  of  poles,  and  continuous 


throughout  C  and  its  interim'  {except  at  the  poles),  then   I    f{z)  dz  is 

equal  to  27ri  multiplied  by  the  sum  of  tJie  residues  of  f{z)  at  its  poles 
inside  C. 

This  theorem  renders  it  possible  to  evaluate  a  large  number  of 
definite  integrals ;  examples  of  such  integrals  are  given  in  the  next 
Chapter. 

25.  In  the  case  of  a  function  given  by  a  simple  formula,  it  is 
usually  possible  to  determine  by  inspection  the  poles  of  the  function. 

To  calculate  the  residue  of  f{z)  at  a  pole  z  =  a,  the  method 
generally  employed  is  to  expand  f{a  +  t)  in  a  series  of  ascending 
powers  of  t  (a  process  which  is  justifiable'^  for  sufficiently  small 
values  of  |  ^  | ),  and  the  coefficient  of  t''^  in  the  expansion  is  the 
required  residue.     In  the  case  of  a  pole  of  the  first  order,  usually 

5  By  applying  Taylor's  Theorem  (see  §  34)  to  {z-aYf{z). 
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called  a  simple  pole,  it  is  generally  shorter,  in  practice,  to  evaluate 
lim  (z  -  a)f(z)  by  the  rules  for  determining  limits  ;  a  consideration  of 

the  expression  for  f(z)  in  the  neighbourhood  of  a  pole  shews  that  the 
residue  is  this  limit,  provided  that  the  limit  exists. 

26.     Liouville's  Theorem.    Let  f{z)  be  analytic  foi^  all  values  of 
z  and  let  \f{z) \<K ivJiere  K is  a  constant.     Thenf{z)  is  a  constant. 

Let  z,  z   be  any  two  points  and  let  C  be  a  contour  such  that ;::,  z 
are  inside  it ;  then  by  §  22 

take  (7  to  be  a  circle  whose  centre  is  z  and  whose  radius  is  p  ^  2  j  c'  -  c  | . 
On  C  write  'C=z-¥  pe'^ ;  since  \^-z'  \^^p  when  ^  is  on  C,  it  follows  that 


1  /  (z-z)fa) 


l/(^')    /(-)l-|27rjc(f-;?f«-;^) 


d^ 


JL  P 

27r7o 


<2\z-z\Kp-\ 

This  is  true  for  all  values  of  p^2\z'  —  z\. 

Make  p->-  x ,   keeping  z  and  z'  fixed  ;    then   it  is   obvious  that 
f{z')-f{z)  =0  ;  that  is  to  say, /(c)  is  constant. 


CHAPTER  VI 

THE   EVALUATION    OF    DEFINITE    INTEGRALS 

§  27.  A  circular  contour. — §  28.  Integrals  of  rational  functions. — §  29.  In- 
tegrals of  rational  functions,  continued. — §  30.  Jordan's  lemma. — 
§  31.  Applications  of  Jordan's  lemma. — §  32.  Other  definite  integrals. — 
§  33.     Examples  of  contour  integrals. 

27.     l{f(.v,  y)  be  a  rational  function  of  x  and  ?/,  the  integral 

/(cos  B,  sin  (9)  cW  • 


Jo 


'0 

can  be  evaluated  in  the  follo^ving  manner  : 

Let  z  =  cos  ^  +  z  sin  0,  so  that  z~^  =  cos  0—i sin  0  ;  then  we  have 

wherein  the  contour  of  integration,  C,  is  a  unit  circle  with  centre  at 
z  =  0.  If/ (cos  0,  sin  0)  is  finite  when  0  ^  ^  ^  27r,  the  integrand  on  the 
left-hand  side  is  a  function  of  z  which  is  analytic  on  C ;  and  also 
analytic  inside  C  except  at  a  finite  number  of  poles.     Consequentlj' 


/  (cos  (9,  sin  0)  dO 

JO 

is  equal  to  27^^  times  the  sum  of  the  residues  of 

at  those  of  its  poles  which  are  inside  the  circle  i^i  =  1. 

-^          ,         /■^'^        dO  2tt  ,.-...  ^ 

iLxamiJie.      \      y =    ,,  ., — r^ ,  that  sign  being  given  to  the 

radical  which  makes  \a -  sj{cr  —  lr)\  <\b\,  it  being  supposed  that  ajh  is 
not  a  real  number  such  that^  —  1  ^  ajh  %  1. 

^  Apart  from  this  restriction  a,  h  may  be  any  numbers  real  or  complex. 
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Making  the  above  substitution, 

•2'^        dO  2  /■  dz 


i: 


/o     a  +  b  cosO      i  Jc  hz^  +  2^;^  +  h 

~ib}c{z-a){z-fty 

where  a,  /5  are  the  roots  of  hz^  +  2az  +  b  =  0.    The  poles  of  the  integrand 

are  the  points  z  =  a,  z  =  /3. 

Since  |a^|  =  1,  of  the  two  numbers  |a|,  \p\  one  is  gTeater  than  1 

and  one  less  than  1,  unless  both  are  equal  to  1.    If  both  are  equal  to  1, 

put  a  =  cos  7  +  i  sin  y,  where  y  is  real ;  then  y8  =  a"^  =  cos  y  -  /  sin  y,  so 

that  '2a /b  =  -a-^  =  -2cosy,  i.e.  -1^  a/b  ^  1,  which  is  contrary  to 

hypothesis. 

T   .         -  a+  J(a^  —b')     r,    -a—  J  (or  -b-)    ^,    ,    .      .    . 

Let  a  = ^) ^ ,  ^  = ^ -^ ,  that  sign  benig  given 

o  h 

to  the  radical  which  makes  \a -  J((tr-b')\  <\b\;  so  that  |a|<l,  |^|>1; 

then  -:;  =  a  is  the  only  pole  of  the  integrand  inside  C,  and  the  residue  of 

\(z-a)(z-  P)}-'  at  C  ==  a  is  (a  -  /3)-\ 

Therefore         I  , v,  =  2^-1  x  —  x 


0   (i  +  b  cos  6  ib     a-  fS 

27r 
-J(a^-fry 

28.     I/F  (.^0,  Q  (a-)  he  polymmials  in  x  suck  that  Q  (^)  has  no  real 
linear  factors  and  the  degree  of  P  (x)  is  less  than  the  degree  of  Q  (x)  by 

at  least  2,  then"  I       nj-4  dx  is  equal  to  ^m  times  the  sum  of  the  residues 

oj  P(z)IQ{z)  at  those  of  its  poles  which  lie  in  the  half  plane  above  the 
real  axis. 

Let  P  {x)  =  aox''  +  a^x"-'^  +  ...  +a,, 

Q  (x)  =  box"^  +  b.x'^-'  +  . . .  +  b,a, 
wliere  ?n -n^ 2,  a,,  +  0,  bo  +  0  ;  choose  r  so  large  that 

M      \a.\  J3il<\a  \ 

1  l^iLl^al,  ,  '^'«l<  1  I/,  I. 

and  ■ —  + —T  + "'  +  ^w^  2W. ' 

r        r^  r"* 

2  The  reader  will  remember  that  an  infinite  integral  is  defined  in  the  following 
manner:  if    |     f{x)dx  =  fj{R),  then  I    /(.r)rfj^  means  lim  r/ (i?). 

'  a  J  a  R-Sf-x> 


56 


THE    EVALUATION    OF   DEFINITE   INTEGRALS  [CH.  VI 


thenif  |s|^^',       \z-''P{z)\  = 


^    «o   +■ +  ...  +-ir 


and 


^  2|«o|) 


h  ^h^     +  ^' 


-s  I  A  I       1^  _  ly  -        _  '^ 

SO  that,  if  |;^|  ^  r,  then  \z'^-'' P  {z)\q  {z)\  ^  4  |ao&o"'|. 

Let  C  be  a  contour  consisting  of  that  portion  of  the  real  axis  which 
joins  the  points  —  p,  ^  ^  and  of  a  semicircle,  r,  above  the  real  axis, 
whose  centre  is  the  origin  and  whose  radius  is  p;  where  p  is  any  number 
greater  than  r. 

Consider   I    777^  dz ;  this  integral  is  equal  to 


P{z) 


dz  + 


P{z) 


dz. 


Now  P  (z)IQ (z)  has  no  poles  outside  the  circle  \z\=r;  for  outside 
this  circle  \P(z)IQ  (^)|  ^  4  |c^o  V I  r''-^ 

Therefore  /     777^  dz  +  /    y~f^.  dz 

is  equal  to  27rz  times  the  sum  of  the  residues  of  P  (z)/Q  (z)  at  its  poles 
inside  C ;  i.e.  at  its  poles  in  the  half  plane  above  the  real  axis. 
Further,  putting  z  =  p  (cos  6  +  i  sin  0)  on  r, 


€. 


Jo  Q{^) 

P(z) 


I' 

Jo 


p  (cos  0  +  i  sin  0)  idO 
pdO 


^ 


4:\aobo~^z"-"'\pd0 


^4:Tr\aobo-'\p''-'^+K 

f  P(z) 
Since  n  —m  +  1  <  -  1 ,    lim    /    ^  )  (  dz  =  0. 

n-*.cB    Jv    y,    [Z] 


P^.30      JV 
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=  -   lim    I    -r-f^dz  +  27ri1r^„ 
p-*x  .'r  V  y^j 

where  2r^,  means  the  sum  of  the  residues  of  F  (z)iQ  (z)  at  its  poles 
ill  the  half  plane  above  the  real  axis. 

Since  it  has  been  shewn  that   lim    1    ;^-)^  c?c  =  0,  this  is  the  theorem 

P^x  .'r  Q  {z) 

stated. 

Example.     Ifa>{),     I      /-^;--  ono  =  ^-j  • 

The  value  of  the  integral  is  2ni  times  the  residue  of  {z^  +  a-)~-  at  ai  ; 
putting  z  =  ai-\-t^ 

1  1  1  { 

,  ., ^w=  .,,^    • — ^>=  -  T-^o  -  j-^  + terms  which  are  finite  when  t  =  0. 

The  residue  is  therefore  -i/{4a^)  ;  and  hence  the  integral  is  equal  to 
7r/(2a3), 

If  Q(.t)  has  non-repeated  real  linear  factors,  the  jjrincipa I  value* 

of  the  integral,  which  is  written  /-*  /       ^^r-v  dx.  exists.     Its  value  is 

27rl  times  the  sum  of  the  residues  of  P{z)IQ{z)  at  those  of  its  jfoles 
which  lie  in  the  half  plane  above  the  real  axis  plus  ni  times  the  sum  of 
the  residues  at  those  of  the  j^oles  which  lie  on  the  real  axis. 

To  prove  this  theorem,  let  «/  be  a  real  root  of  Q  (x).  Modify  the 
contour  by  omitting  the  parts  of  the  real  axis  between  a^  -  8^  and 
ap  +  Bj,  and  inserting  a  semicircle  rp,  of  radius  Sp  and  centre  a^,,  above 
the  real  axis ;  carry  out  this  process  for  each  real  root.  When  a 
contour  is  modified  in  this  way,  so  that  its  interior  is  diminished,  the 
contour  is  said  to  be  indented. 

The  limit  of  the  integral  along  the  surviving  parts  of  tlie  real  axis 

f"^  P(x) 
when  the  numbers  Sp  tend  to  zero  is  P  I      >,->-/  dx. 

.1  —  : 


Q(«) 


•■'  Since    lim      I       e.vists,  it  is  equal  to     lim    I 


-p 

^  Bromwich,  Theory  of  Infinite  Series,  p.  415.     The  use  of  the  letter  P  iu  two 
senses  will  not  cause  confusion. 
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If  Vp   "be  the  residue  of  P{z)IQ{z)  at  a^,  the  integral  along  the 

semicircle  y^  is  -  /    ytt^  (z  -  a^')  idO,  where  z  =  a„'  +  S„e^^,  and  this 
.'0    H  {.^J 

0;  hence 


tends  to  -  Trirp  as  S^ 


-00     ^  {XJ 

f^  P(xY 
29.     A  more  interesting'  inteo'ral  than  the  last  is    /      ^)  i  dxy 

Jo     Q{x)       ' 

where  P  {£),  Q  {x)  are  polynomials  in  x  such  that  Q  {x)  does  not  vanish 

for  positive  (or  zero)  values  of  Xy  and  the  degree  of  P  {x)  is  lower  than 

that  of  Q  (x)  by  at  least  2. 

The  value  of  this  integral  is  the  sum  of  the  residues  of 

at  the  zeros  of  Q  (z) ;  where  the  imaginary  part  of  log  (—  z^  lies 
between  ±i7r. 

[The  reader  may  obtain  the  formula  for  the  principal  value  of  the  integral 
when  ^  (a-)  =0  has  non-repeated  positive  roots.] 

f  P(z) 

Consider   I  log  (-  z)  ^.  Vj.  dz,  taken  round  a  contour  consisting  of 

the  arcs  of  circles  of  radii ^  B,  S,  and  the  straight  lines  joining  their 
end-points.  On  the  first  circle  - ;:;  =  Be'^  (-  tt  ^  (9  ^  tt)  ;  on  the  second 
circle  — ;:;  =  Se'^^  (-  tt  ^  (9  ^  tt).  And  log  (-  z)  is  to  be  interpreted  as 
log  \z\+i arg  (- ;:),  where  -  tt  ^  arg  {-z~)^7r;  on  one  of  the  straight 
lines  joining  8  to  J?,  arg  (- ;:;)  =  tt,  on  the  other  arg  (-  z)  =  -  tt. 


(The  path  of  integration  is  not,  strictly  speaking,  what  has  been 
previously  defined  as  a  contour,  but  the  region  bounded  by  the  two  arcs 
■5  In  future,  the  letter  R  will  not  be  used  to  denote  '  the  real  part  of.' 
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and  the  straight  Hues  is  obviously  one  to  which  Goursat's  lemma 
and  the  analysis  of  Chapter  III  can  be  applied.) 

With  the  conventions  as  to  log (—5;),  \og{-z)  P{z)IQ(z)  is  analytic 
inside  the  contour  except  at  the  zeros  of  Q  (z). 

As  in  §  28  we  can  choose  JRo  and  S^  so  that  \z^P(z)IQ(z)\  does 
not  exceed  a  fixed  number,  K,  when  \z\  =  Il> Bo,  and  so  that 
\P(z)IQ  (z)\<K  when  \z\  =  S<So;  where  K  is  independent  of  8  and  E. 

Let  the  circle  of  radius  it  be  called  r,  and  the  circle  of  radius  8  be 
called  y ;  let  Cj ,  c,  be  the  lines  arg  (--)  =  -  tt,  arg  (- ;:;)  =  tt. 

Then  the  integral  round  the  contour  is  27r?  times  the  sum  of  the 
residues  of  \og(-z)P(z)/Q(z)  at  the  zeros  of  Q(z)  (these  are  the 
only  poles  of  the  integrand  within  the  contour). 

But  the  integral  round  the  contour  =1+1+1    - 

.'r        J (-.2       J  y 

Now        |(j,j;;|iog(-.)J-p|^. 

<  r  \{\og R  +  ie)\KR-'de, 

which  -*0  as  ^^►oo ,  since  R~^  log  R-^0  as  R-^y^ . 


So  also 


.'v  '  —  TT 


r  }osB+iO\K&de, 

J  —  TT 


dO,  where  z  =  Se^^ 


which  tends  to  0  as  8-^0,  since  81ogS^-0  as  8^-0. 

Put  -  ;:;  =  .re-'''  on  Cj ,  -z  =  xe^""  on  Co.     Then 

'5  P  (.c) 


=  I     (iir  —  log  x)  ^  ,  i  dx. 


^  P  (x) 


and 


Hence  27rl  times  the  sum  of  the  residues  of  log  (-  z)  P  {z)IQ  {z)  at 
the  zeros  of  Q  {z) 


lim 

'0 

which  proves  the  proposition 


\    I  [ITT  —  log  X)  77-7::;^  OfcT  +    /  (ZTT  +  log  .2?)    ^    ;     (  f/cT 


$w 


«w 


=(, 
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The  interest  of  this  integral  lies  in  the  fact  that  we  apply  Cauchy's 
theorem  to  a  particular  value  (or  branch^)  of  a  many  valued  function. 

If  P  {x),  Q  (w)  be  polynomials  in  oj  such  that  Q  {x)  has  no  repeated 
positive  roots  and  Q  (0)  +  0,  and  the  degree  of  P  (x)  is  less  than  that 
of  Q  (x)  by  at  least  1,  the  reader  may  prove,  by  integrating  the  branch 
of  (-  zy~'^  P  (z)/Q  (z)  for  which  |  arg  (—  0)  |  ^  tt  round  the  contour  of 
the  preceding  example  and  proceeding  to  the  limit  when  8^-0,  -S^cc , 
that,  if  0  <  «  <  1  and  x^~'^  means  the  positive  value  of  x^~'^,  then 

r     p  M 

P  1    ^""^  r^)  (  dx  =  tr  cosec  (a-rr)  %r -TT cot  (cnr)  2/, 
.'0  H{^) 

where  %r  means  the  sum  of  the  residues  of  (-  zf"'^  P  (z)/Q  (z)  at  those 
zeros  of  Q(z)  at  which  ;:;  is  not  positive,  and  2/  means  the  sum  of  the 
residues  of  x^~'^  P  (x)/Q(x)  at  those  zeros  of  Q(x)  at  which  x  is 
positive.  When  Q  (x)  has  zeros  at  which  x  is  positive,  the  lines  Ci,  c^ 
have  to  be  indented  as  in  the  last  example  of  §  28. 

Examples.     If  0<a<l, 

,  —  ax  =  — ,  P\     ' dx  -  TT  Q,o\  a-iT . 

0    \+  X         sm ciTT         Jq     1—x 

30.  In  connection  with  examples  of  the  type  which  will  next  be 
considered,  the  following  lemma  is  frequently  useful. 

Jordan's  Lemma  I  Let  f(z)  he  a  function  of  z  ivhich  satisfies  the 
following  conditions  ivhen  \z\>  c  and  the  imaginary  part  of  z  is  not 
negative  (c  being  a  positive  constant) : 

(i)    f{z)  is  analytic, 

(ii)    |/(^)  I  -^  0  uniformly  as\z\-^  c/^ . 

Let  m  be  a  positive  constant,  and  let  V  he  a  semicircle  of  radius 
R  (>  c),  above  the  real  axis,  and  having  its  centre  at  the  origin. 

Then  lim  (  (  e'''''f(z)  dz)  =  0. 

If  we  put  z  =  It  (cos  B  +  i  sin  ^),  0  increases  from  0  to  -n-  as  2;  de- 
scribes r. 

Therefore  {  e'^'^^fiz)  dz  -  V  ze"'^''f(^z)  idO, 

^  Forsyth,  Theory  of  Functions,  Chapter  viii. 
■^  Jordan,  Cours  (V Analyse,  t.  11,  §  270. 


29-31] 
so  that 


THE    EVALUATION    OF   DEFINITE   INTEGRALS 

e'"'''f{z)  dz 
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< 


Jo 
Jo 


where  rj  is  the  greatest  vahie  of  \f{z)  \  when  \z\=E. 

In  the  last  integral,  divide  the  range  of  integration  into  two  parts, 
viz.  from  0  to  ^tt  and  from  Jtt  to  tt  ;  write  tt-O  for  6  in  the  second 
part ;  then,  noting  that,  when^  0  ^  6  ^  lir,  sin  ^  ^  20 /tt,  so  that 
g-j«72sine  ^  g  -2/HPt^^  ^^  sce  that 

2rjR  e-mRsine^Q 

Jo 

2r)R  g-2>»if«Mc?^ 

.'o 


^^e^'''f{z)z-'dz 


< 


2r}7r 


2m 


But  rj^o  &ii  11-*-^^ ;  and  therefore 


lim 


(  e^'^'fiz)  dz 
Jv 


=  0. 


31.  The  following  theorem  may  be  proved,  by  the  use  of  Jordan's 
lemma  : 

Let  P  {x),  Q  (.r)  he  pohjnomiaU  in  x  suck  that  Q  (x)  has  no  real 
linear  fcictoi's,  and  the  degree  of  P  {x)  does  not  exceed  the  degree  of  Q  (x) ; 
and  let  m  >  0. 

Then  /     {lM^>^-lir£),-.nu\d^ 


I  {; 


e' 


Qix)-^         Q(-x)'       j   X 
is  equal  to  7r/P(0)/^(0)  plus  2Tri  times  the  sum  of  the  residues  of 

')  i  —  at  the  zeros  of  Q  (z)  in  tlie  half  plane  above  the  real  axis. 
Q{z)   z 

[The  reader  may  obtain  the  formula  for  the  principal  value  of  the  integral 
when  ^  (^)  =  0  has  non-repeated  real  roots.] 


Consider  I  -p^.  e'"'"  —  taken  along  a  contour  C  consisting  of  the 
Jc  H\?)         ^ 
straight  line  joining  -  i^  to  -  8,  a  semicircle,  y,  of  radius  8,  above  the 
real  axis,  and  with  its  centre  at  the  origin,  the  straight  line  joining  8  to 

8  If  we  draw  the  graphs  y  =  ?,\nx,  ij-^xjir,  this  inequality  appears  obvious  ;  it 

may  be  proved  by  shewing  that  — —  decreases  as  d  increases  from  0  to  ^tt. 
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it,  and  the  semicircle  T,  where  8  <  S05  B  >  Bo,  and  8  and  B  are  to  be  so 

chosen  that  all  the  poles  oiP(z)IQ  (z)  lie  outside  the  circle  \z\  =  hQ  and 

inside  the  circle  \z\=Ro' 

[  P  (z)     ■  dz  . 
Then   I    ^r-V^e™^^—  is  equal  to  Stt/  times  the  sum  of  the  residues 
Jc  Q{z)        z 

of  7Y7^  - —  at  the  zeros  of  Q  (z)  which  lie  in  the  upper  half  plane,  as 

H  {z)   z 

may  be  shewn  by  analysis  similar  to  that  of  §  28. 

Put  z--xm  the  first  integrand,  and  z^x  in  the  third  ;  then 

\J-R     Is  JQ{z)       z     J 8    [Q{^)  QX-^)        ^  ^^ 

Since   lim    P(z)IQ(z)  is  finite,    /   ^^^""^--0  as  B-^j:>,  by 

Jordan's  lemma. 

Also,  putting  z  =  8g^"^  on  y, 

where  i/(^)l  does  not  exceed  a  number  independent  of  0  w^hen  S  <  80. 
Hence  hm      ^=r7-<^     —  =  -'^^ 


Making  E-^cc,  8-^0  in  the  above  formula  for   I    Qj^e''''^ -^ ,  the 
result  stated  follows  at  once. 

Corollary.     Put  P  (;r)  =  §  (;^)  =  1 ;  then,  if  m  >  0, 

r°^  sin  m^  ,       1 
dx-^-rr. 

Jo         X 

By  arguments  similar  to  those  used  in  proving  Jordan's  lemma,  we 
may  shew  that 

if  «>0,  ^>0,  r>0. 

r  '"  d'" 

Consider       e««'"  -r^^o ,  where  the  contour  C  consists  of  the  straight 

]c  z^  +  r- 

line  joining  the  points  -  B,  R  and  of  the  semicircle  T,  where  B  >  2r. 

The  only  pole  of  the  integrand  inside  the  contour  is   at  z^ri; 
and  the  residue  of  the  integrand  is  easily  found  to  be  ^e^^^"". 
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Therefore        (  T    +  T  +  M  e^''"'  -^A,  =  7rie<^^-\ 
\J-ii      Jo       JtJ  z^  +  r- 

In  the  first  integral  put  c  =  -  ,t,  in  the  second  put  z  =  ,r. 

Then 

2i       ^«'^«^^^sin(asin6^)-^-^,-7r?>«e"*''-      ^«'" -^^A, 
Jo  ^  ^'T  +  r  Jr  Z-  +  9- 

Now  ^««*'''  =  1  -f  rt^''^'  +  ^  «V-^"''  +  . . . 
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2! 


where 


=  1  +  ae^~'  IV, 

lwl=  !1  + 


ae^''     are^"-' 


+ 


2!  3! 


+ 


^1  + 


\ae 


J)2i  I 


2^631 


9  ? 


+ 


aV 


3!    I 


+  ..., 


and  on  r,  \e^^'\=e-^^^'''^^  1,  where  c  =  i?  (cos  ^ +  / sin  ^) ;  so  that 


|«r|  <  1  +rt  +  ^  -,  +  ... 


Consequent!}',  putting  z  =  E  (cos  ^  +  z  sin  0)  on  r, 

f  ^«e*--*  -^^^  =  r  (1  +  ae'^^'w)  (l  -  -A-)  idO 
Jt         z-  +  r-     Jo    ^  ^  \        z'  +  ?-/ 


Jo   z-  +  r^     Jo  z'  +  r^ 


But 
and  therefore 

while 


de 


f^   de 

Jo   z'  + 


47r 


37/-" 


Jo  c"  +  r 


'dS 


< 


< 


Jo 


ae^^'  w 


idO 


(i^-bRsme^f^0 


<  ^rrv,  ,  as  in  Jordan's  lemma. 


Sbli 


Consequently  / 


yae''^ 


ZCl>Z 


/v2    ,    ^2 


=  TT?  +    € 


R? 


fr  z^  +  r' 

where  lim    €^  =  0;    and   therefore,  by  the   definition   of  an   infinite 

integral, 

f  X  dv 

Jo  '  X-  +  r' 
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32.  Infinite  integrals  involving  hyperbolic  functions  can  fre- 
quently be  evaluated  by  means  of  a  contour  in  the  shape  of  a  rectangle  ; 
an  example  of  such  an  integral  is  the  following  : 

aa:-^  sec  ^a,  when  -  tt  <  a  <  tt. 


cosh- 
er 


0       UUSUTT^ 

az 


Consider   I   — -, dz  taken  alone-  the  contour  r  formed  by  the 

Jv  cosh  TTz  ^  "^ 

rectangle   whose   corners  have   complex   coordinates  -  R,   E,   B  +  i, 

-E  +  i,  where  E>0  ;  let  these  corners  he  A,  B,  C,  D.     The  zeros  of 


-R  +  i 

i 

R  +  i 

D 

•u 

C 

A 

B 

-R 


cosh  TTz  are  at  the  points  z  =  (n  +  J)  i,  where  n  is  any  integer ;  so  that 
the  only  pole  of  the  integrand  inside  the  contour  is  at  the  point  z^^i. 
If  z  =  hi  +  t,  then 

cosh  ttz  i  sinh  -rrt 

~^t       (l+|-7r'Y-+...)       ' 

so  that  the  residue  of  e"''  sech  ttz  at  ^i  is  e^^  l(ji)- 


Therefore 


cosh 


dz  =  2e^. 


N 


ow 


r  cosliTT^;  \Jab     Jbc     Jcd 


J  DA  J 


iosh 


TTZ 


dz ; 


on  AB  vfe  may  put  z^a^  where  x  is  real ;  on  CD  we  may  put  z  =  i  +a) 
where  w  is  real ;  on  BC  we  may  put  z  =  E  +  iy  where  y  is  real ;  and  on 
BA  we  may  put  z  =  —  E  +  ii/  where  y  is  real.     Therefore 


cosh 


d: 


TTZ 


R 


-R  cosh  TTA^  JR       cosh  TT  (i  +  w) 


dx 


+ 


/•I  gft(-R  +  %)  ,  rO        ^-a(R-iy) 

Jo  cosh  '7r{E  +  iy)    -^     Ji  cosh  tt  (^  -  «:_^) 


-, dw  +  €ji, 

-ijcoshTT^^ 
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,-1  ^{R+itj)  _  ,-1         ^-a(R-iy) 

were         ^^  ~  L  cosYnr  ( R  +  iv)     ^     L  cosh7r(E-ii/)     ^' 


'o  cosh  TT  (i?  +  Z^/)     ^    Jo  cosh.7r(E- it/) 

rR  qOX  -R        gox  /-O  ^ax 

also  /     — -. dx  =  /     — r —  dx  +  /      — r —  dx 

J-RComTTX         Jo   cosn7r,2?  J  -  j{  cosh  ttx 

rR        ^ax  rR       ^-acc 

=  I     — , —  ax  +  I    — 1 dx, 

jo   com  TTX         Jo  coshTTo; 

on  writing  —  ^  for  c?7  in  the  second  integral. 

Therefore        26^""'  =  2(1+  ^-)  ^  ^^'^-^  dx  +  e^,. 

^  ^  Jo   cosh  TTX 

I   /•!  ga(R  +  iy)  j        ,    rl       ^-a(R-iy) 

Now       kit  "^    I    — i: — 7n — ^-N  tdv  \  +  \  I    — -, — 7^5 — r^  idv 
Jo  cosh  TT  { If  +  ly)     ^  \     \Jo  cosh-rr {E-iy)     ^ 


^ 


1     \e^(^+^y)\dy         /*i    \e~^^^-^y^\dy 


Jo  I  cosh Tr(R+  iy) I     Jo 


/o  I  cosh 7r(B+  iy) |     Jo  \ cosh Tr(B -iy)\' 
Also  1 2  cosh  TT  (i^  ±  /?/)  I  =  I g''(-R  =^ '»  +  e - '^  (-R * «» | 

/'I       ^ai?  /-I     g-«-R 

Therefore        \^r\^  I    ^-i — n  dy  +  /    -^i — ^  dy 
'     '     ./o  sinhTri?    ^     Jo  snihTri^    "^ 

cosh  (ai?) 
sinh  (-n-jR) ' 

But,  ii  —  TT  <  a  <  TT,   lim    2   .-r">">>\  -  ^  ^  therefore,  if  -  tt  <  a  <  tt, 
ij^oo     sinh  (Trij;) 

lim  €jj  =  0. 

But  I     — 1 c?^  is  equal  to  —yz ^n  ;  and  therefore 

Jo    coshTT^  ^  2  (1  +  e"') 

cosh  a^z;  7       1        ,        /  X 

— i dx=*  sec  ^a,     (-  tt  <  a  <  tt). 

0   cosh  7r.r  ^       -   '     V 

33.  Solutions  of  the  following  examples,  of  which  the  earlier  ones 
are  taken  from  recent  College  and  University  Examination  Papers,  can 
be  obtained  by  the  methods  developed  in  this  chapter. 

1.     Shew  that       /     , -,  d6  =  -p^  (a  -  Ja^  -  b'), 

Jo    a  +  b  cos  a  b^  ^ 

when  a>  b>  0.     Give  reasons  why  this  equation  should  still  be  true 
when  a  =  h.  (Math.  Trip.  1904.) 

w.  c.  I.  5 


/. 
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f  dx 

2.  Evaluate        I     7-^ — ^^no  /  ., sv>  when  />  0,  a  >  0. 

(Trinity,  1905.) 

3.  Shew  that    1      r  ■-  ,  -l%\\  '>  ,    2\2  =  o  3?.  r rt,  when«>0,  6>0. 

(Whittaker,  Modern  Analysis.) 

4.  Prove  that,  if  « > 0,  ^  >  0,  c> 0,  h^ -aoO,  then 

L    .^T2F^W-,f ./,,._.,•     (Tnnity,  1908.) 


/o    (.^^  +  6«2)^  Gi"  +  bj  ix"  +  c-)- 


C  d'TC 

5.     Evakiate  1     .^^^^^^^.^^^  when  «.,  6,  c  are  real. 


(St  John's,  1907.) 

6.  Shew  that,  if  a  >  0, 

7-4 4V3  ^''^  =  H7^  •  (Trmity,  1902.) 

/*    smh  CLX 

7.  Shew  that  I     -^^j — -  dx  —  \  tan  \a  when  -  tt  <  a  <  tt. 

./o    smhTT^ 

8.  Shew  that  .  ,^     dx  =  —  .  (Clare,  1903.) 


9.  By  integrating   je~^^  dz  round  a  rectangle,  shew  that 

J —CO  J —03 

10.  Shew  that      |     ^r^(7^^  =  i7rtanhi7r.  (Clare,  1905.) 

[      X  cos  6ift?^  TT^S — ^^ 

11.  Shew  that    I     — r-.J —  dx  =  -7- v.*  when  «^  is  real. 

Jo     smh^  (l  +  e-^'^)^' 

(Math.  Trip.  1906.) 

r    ^^ 

12.  Evaluate    /  :j — -^  taken  round  the  ellipse  whose  equation  is 

x^-  xy  +  y'^  +  x-^y  =  0.  (Clare,  1903.) 

13.  Shew  that,  if  m  >  0,  a  >  0, 

—I r  dx=^--^e    '^^  sm -7-  .        (Trmity,  1906.) 

Jo      a^  +  x^  2a^  J2         ^  -^  ^ 
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.CO      ■     3 

14.  Shew  that  I -^ da!  =  l7r.        (Peterhouse,  1905.) 

.'o  ^ 

15.  •   Shew  that,  if  m  ^  0,  «  >  0, 

/*"  cos  mw .  die      TT    _^,„      /"°  cos  711X  .dxtr^.. 
JQ       a' +  X'         2a  Jo      (1+^-)-        4        ^  ^ 

(Peterhouse,  1907.) 

16.  Shew  that       /  "  v^^^,  da:  =  ^(l+  3e-'\ 

Jo  (1  +  .vy       8  ^         ^ 

(Peterhouse,  1907.) 

17.  Shew  that,  if  a  >  0, 

,-co 

.w  o sx  ».?'  =  ^7r«  *(4rcr -a+1  —  e~^). 

Jo    ar{a^  +  x-)  -  ^-  ^ 

(Math.  Trip.  1902.) 

18.  Shew  that,  if  m  >  0,  a  >  0, 

4  .     4  dx  =  —-^  e-viam  sin    -^  +  -    . 
;o    a  +  ^  2a^  \72      4/ 

(Trinity,  1907.) 

19.  Shew  that,  if  m  >  0,  «  >  0, 

/■*     sin^m^     ,        TT   ,    ,„,^     ^      ^      . 
Jo    X-  [a-  +  ar)  4,(r  ^  ^ 

(Trinity,  1912.) 

20.  Shew  that,  if  a  >  0, 

,-00  .  X  «  V3 

/        cosaA'      ,        IT    .     /a     Tr\    --K- 
Jo    l-\-ar  +  x*  JS        \2      6/ 

(Clare,  1902.) 

21.  Shew  that       j     ^^^^^-^^  dx -- 0,  (Trinity,  1903.) 

22.  Shew  that,  when  7i  is  an  even  positive  integer, 

/■*      1     sin^z^,  e^-1  ,^  .^^„v 

I     ^r—z dx  =  7rj-r, — ^.    „_^.         (Jesus,  1903.) 

Jo    x'  +  l  siiix  {e'-l)e^  i  v  j  / 

23.  By  taking  a  quadrant  of  a  circle  indented  at  ai  as  contour, 
shew  that,  if  m  >  0,  a  >  0,  then 

r  ^  cos  ma,^^^  a  sin  ms  ^^  _^,„.^.  ^^,„„^_   (gehlomiloh.) 

Jo  X   "^  CO 

{liie"^^)  is  defined  by  Bromwich,  Infinite  Series,  p.  325.] 

5—2 
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24.     Shew  that,  if  m  >  0,  c>  0  and  a  is  real, 

sin  'm{cc  —  a)     dx    _     tt 


(c  cos  ma  -  a  sin  ma)  \ . 


x  —  a       X  +  c-     a^  +  c^ 

(Trinity,  1911.) 

25.     Shew  that,  if  m>n>0  and  a,  b  are  real,  then 

sin  mix -a)  sin  n{x  —  h)j   _  _  sin  7i  (a  —  b) 


x—a  x—b  a—b 

(Math.  Trip.  1909.) 

26.  Shew  that,  if  0  <  a  <  2,  then 

/""^  sin^^sina^  ,       ,  ,      „  /tin 

/     1 ax-^Tra  —  ^7ra\  (Legendre.) 

27.  Shew  that  P\     dx^^ir.  (Legendre.) 

J  Q  X 

28.  By  using  the  contour  of  §  29,  shew  that,  if  —  1  <p  <  1  and 
—  TT  <  X  <  TT,  then 

r  ,     /-^'^^      .^  =  ^^  «i^ .  •   (Euler.) 

Jo    1  +  2x  COS  A  +  ^^     sm  pTT  sm  A 

29.  Draw  the  straight  line  joining  the  points  ±  i,  and  the  semi- 
circle of  I  2;  I  =  1  which  lies  on  the  right  of  this  line.  Let  C  be  the 
contour  formed  by  indenting  this  figure  at  —  ^,  0,  i.     By  considering 

I   z'^~'^  (z  +  z~'^y^  dz,  shew  that,  if  n>m>  -\,  then 

Jo 

['"  gme  cos'*'  ede  =  2^-"^  sin l(n-  m) tt  f  r^-"^"^  (1  -  ff  dt. 

J-irr  "  Jo 

Deduce  that^ 

'%os^^cos-^^^=  -r(m+l) 


j^    .VO...V.V.O    .^v,      2'^+l^(i7?^  +  |?^^-l)^(|w^-|^  +  l)^ 

and  from  the  formula  cos  (n+l)d  +  cos  (?2  —  1)  6^  =  2  cos  0  cos  nO,  estab- 
lish this  result  for  all  real  values  of  ?2  if  m  >  —  1. 


30.     By  integrating  I  e~^'^  dz  round  a  rectangle  whose  corners  are 

0,  E,  M  +  ai,  ai,  shew  that 

i     e~^^  sin  2at.dt  =  e'^'  /    e^^di/. 
Jo  Jo 

^  The  result  T  (a)  F  (1  -  a)  =  7r  cosec  air,  which  is  required  in  this  example,  may 
be  established  by  writing  x—tl{l-t)  in  the  first  example  at  the  end  of  §  29,  when 
0<:a<l,  and  making  use  of  the  value  of  the  first  Eulerian  integral;  it  maybe 
proved  for  all  values  of  a  by  a  use  of  the  recurrence  formula  F  (a  +  1)  =aF(a). 
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31.     Let   Q(z)   be  a  polynomial  and  let  the  real  part  of  a  be 

f     0  (z  —  iri) 

numerically  less  than  tt.     By  integrating  I — ,  ^^  , ^^  round  a 

rectangle,  shew  that 


Deduce  that 


'o    cosh  X  +  cos  a 


jij  a  (tt-  —  a-)  (Ttt-  —  3a-)  COSeC  a. 


32.  Let  Ti  be  a  contour  consisting  of  the  part  of  the  real  axis 
joining  the  poiuts  ±  R,  and  of  a  semicircle  of  radius  R  above  the  real 
axis,  the  contour  being  indented  at  the  points  n-n-jh  where  n  takes  all 
integral  values  and  ^  >  0  ;  also  let  bRj-n-  be  half  an  odd  integer.  Let 
To  be  the  reflexion  of  r^  in  the  real  axis,  properly  oriented. 

Shew  tliat,  if  -h<a  <h  and  if  P {z\  Q (z)  are  polynomials  such 
that  Q  (z)  has  no  real  factors  and  the  degree  of  Q  (z)  exceeds  that  of 
F  (z),  then 

;  _oo  sin  Ox  Q  {x)  [  Jti  sin  bz    Q  {z) 

h.Mubz'Qiz)''!' 

where  the  limit  is  taken  by  making  R  ^cc  and  the  radii  of  the 
indentations  tend  to  zero. 

Deduce  that    P        -^-  ^'(  dx  =  m  (2r  -  2/ ), 
J  —oo  sm  Ox  K^  \f^) 

where  2r  means  the  sum  of  the  residues  of  the  integrand  at  its  poles 
in  the  upper  half-plane  and  2?-'  the  sum  of  the  residues  at  the  poles  in 
the  lower  half-plane. 

33.  Shew  that,  '\i  -b  <a  <  b,  then 

p  /■*'  sin  ax    dx    _  ^^     sinh  a       „  /*°°  cos  ax  xdx  _  -^^     cosh  a 
Jo    sin  bx  1  +  x^     '-^     sinh  b '        .'o    sin  ^^r  1  +  ^     ^     sinh  b  ' 

p  ^°°  sin  ax       dx       _ -^     sinh  a       j^f""  cos  ax    dx    _  ^     cosh  a 


0    cosbx  x(^l  +  x"^)     -     cosh  6'        Jo   cosbxl+x'^     '^     cosh^' 

(Legendre,  Cauchy.) 
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34.  If  (^2m-l)h  <a<{'27n-\-l)b  and  m   is   a   positive   integer, 
deduce  from  Example  33  that 

p/""sina^    dx    _^     cosh  (a  — 2;?z&)  — e~" 
Jo    sin  hx  1  -^x^     "  sinh  b  ' 

and  three  similar  results.  (Legendre.) 

35.  Shew  that  n  +  ^^^  cosh  T^tt^^  ^^-^' ^- 

(Math.  Trip.  1906.) 

[Take  the  contour  of  integration  to  be  the  square  whose  corners 

are  ±  iV^,  ±  7V+  2iV«,  where  N  is  an  integer ;  and  make  N-^  qo  .] 

The  results  of  Examples  36 — 39,  which  are  due  to  Hardy,  may  be 
obtained  by  integrating  expressions  of  the  type 

e«^  dz 


./ 1  +  'I'pe^  ±e^'  z^  ia 

round  a  contour  similar  to  that  of  Example  35.     In  all  the  examples 
a  and  S  are  real ;  and,  in  Examples  36  and  38,  —  tt  <  8  <  tt. 

36.  C-^^ — ^j^,=^r^ 


0  cosh  ^  +  cos  8  a^  +  x^     a  sin  8  ,^=0  { (2?2  +  1)  tt  +  ^j^  -  8^ ' 
Deduce  that 

1  c?^  1  1 


/. 


0  cosh  X  +  cos  8  TT^  +  X-     8  sin  8     4  sin^  -^  8 ' 


0  cosh  ^  +  cosh  8  a^  +  i^;^     sinhS  ^i=o{(2?z  +  1)"^  +  aP  +  8^' 
cosh J^  dx     _        77  %  (-T{ (2^  +  1) TT  +  a} 


0  cosh  X  +  cosh  8  a^  +  ^2     ^  ^qq]^  ^  8  ^^o  { (2?i  +  1)  tt  +  ct}^  +  8^' 
cosh^^         dx  '^         V  (-)'"{(2?z  + l)7r  +  «} 


/o  cosh  ^  +  cos  8  a^  +  ^^     a  cos  -|-  8  ^Zo  { (2^  +  1)  tt  +  a}^  —  8^  " 
Deduce  that 

dx  2  [^   t'^l''    J, 

at. 


0  cosh  ("I  x)  .(a^  +  af)      a  Jo  1  +  ^'"^ 


sinh  ^  —  sinh  h  ir^  +  x^     cosh  8  (8^  +  tt^     8  j      sinh  8 
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40.     Shew  that,  if  a  >  0,  wz  >  0,  —  1  <  r  <  1,  then 
X  dx  sin  "^ax  \  it 


Jo  m-  +  x^  1-  2r  cos  2ax  +  r~     e-^""  -  r ' 
X  dx  sin  ax  ^tt  e^ 


f     xdx  sin 

'o  n-^  +  ^-  1  -  2r  cos 


'o  ni?  +  ^-  1  -  2r  cos  2«.r  +  r-     (1  +  r)  (e'-*'"  -  r) ' 

Shew  that,  if  the  principal  values  of  the  integrals  are  taken,  the 
results  are  true  when  r=l.  (Legendre.) 

41.     By  integrating  I  -^ —    dz  round  the  rectangle  whose  corners 

J   6  1 

are  0,  R,  R  +  ?,  ?,  (the  rectangle  being  indented  at  0  and  i)  shew  that, 
if  a  be  real,  then 

.00        • 

/     -:^— —   dx  =  \  coth  {^a)-\  cr^.  (Legendre.) 


42.     By  employing  a  rectangle  indented  at  }t  i,  shew  that,  if  a  be 
real,  then 

,2i^ — 1  ^^  =  ^  ^^~^  ~  i  cosech  {I  a).  (Legendre.) 


rs 

io  e'^ 


43.     By  integrating   \e-^^  z'^-'^  dz  round  the  sector  of  radius  B 

bounded  by  the  lines  arg  c;  =  0,  arg2;  =  a<^7r,  (the  sector  being  in- 
dented at  0),  shew  that,  if  A  >  0,  n>  0,  then 


.'0 


I     x'^-'^  ^-\xco3-a  (jQg  ^x^ gju  g;^^^^\-)iY  (n)  cos  na, 

'0 

I     .r"-i  g-Aa;co8a  si^  (^x^  gjj^  a)  ^^  =  X-«  r  (?;)  sin  na. 
Jo 

These  results  are  true  when  a  =  ^7r  if  n<l. 

Deduce  that 

r  cos  (f)  dy  =  \    sin  (yO  ^^  =  (i  '^) "  •  (Euler.) 

.'0  .'0 

44.  The  contour  C  starts  fi'om  a  point  R  on  the  real  axis, 
encircles  the  origin  once  counterclockwise  and  returns  to  R.  By 
deforming  the  contour  into  two  straight  lines  and  a  circle  of  radius  S 
(like  the  figure  of  j§  29  with  the  large  circle  omitted),  and  making 
8-^0,  shew  that,  if  ^  >  0,  (where  C  =  ^  +  /r?),  and  -tt  ^  arg  (— ;?)  ^  tt  on  C, 
then 

lim    f  (  -zy-^  e-^  dz  =  -  2i  sin  (ttQ  .  V  (0- 

(Hankel,  Math.  Ann.  Bd.  i.) 
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45.  If  r  (^)  be  defined  when  ^  ^  0  by  means  of  the  relation 
r(^+l)  =  ^r  (^),  2310 ve  by  integrating  by  parts  that  the  equation  of 
Example  44  is  true  for  all  values  of  C 

46.  By  taking  a  parabola,  whose  focus  is  at  0,  as  contour,  shew 
that,  if  a>  0,  then 

r  m  =  ^^^        e-^i'  (l+t-y-^  cos  {2at  +  (2C-  1)  arc  tan  t}  dt. 
sm  7r4  Jo 

(Bourguet.) 

47.  Assuming  Stirling's  formula ^°,  namely  that 

{logr  (^  +  1)  -  (;r  + 1) log ;:;  +  2;-|]og  27r}  -^  0 

uniformly  as  1 0 1  ^  go  ,  when  -  tt  4-  8  <  arg  z<7r  —  h,  and  S  is  any  positive 
constant,  shew  that,  if  -  ^  tt  <  arg  {-C)  <\ "^j  then 

2S.L_oc^  '^^~^^^"^^''^''^~2W  ;_„_.,  r(^l)sin:^"^^' 

where  a  >  0,  and  the  path  of  integration  is  a  straight  line.  (The 
expressions  may  be  shewii  to  be  the  sum  of  the  residues  of  the  second 
integrand  at  its  poles  on  the  right  of  the  path  of  integration.) 

(Mellin,  Acta  Soc.  Fennicae^  vol.  xx.) 

48.  Let  C  be  a  closed  contour,  and  let 

m 
r--l 

where  the  points  ar  are  inside  C,  the  numbers  rir  are  integers  (positive 
or  negative),  while  <^  {z)  is  analytic  on  and  inside  C  and  has  no  zeros  on 
or  inside  C.     Shew  that,  if  /'  {z)  be  the  derivate  of  /  (0),  then 

-i-.  [  '^-^dz=  2  iir.  (Cauchy.) 

49.  By  taking  the  contour  C  of  Example  48  to  be  a  circle  of 
radius  B,  and  making  ^  ^-  go  ,  shew  that  a  polynomial  of  degree  n  has 
n  roots.  (Cauchy.) 

50.  With  the  notation  of  Example  48,  shew  that,  if  ij/{z)  be 
analytic  on  and  inside  C,  then 

±  f  'P  (z/-^  dz  =  1  «.  V  («.•)•  (Cauchy.) 

^^^  JC  J\Z)  r=l 

1^  Stieltjes,  Liouville's  Journal,  t.  iv. 


CHAPTER    YII 

EXPANSIONS    IN    SERIES 

§  34.     Taylor's  Theorem. — §  35.     Laurent's  Theorem, 

34.  Taylor's  Theorem.  Let  f{z)  he  a  function  of  z  ivhicJi  is 
analytic  at  all  points  inside  a  circle  of  radius  r  whose  centre  is  the 
point  whose  complex  coordinate  is  a.  Let  ^  he  any  point  inside  this 
circle. 

Then  f(X)  can  he  expanded  into  the  convergent  series : 

where  f^^'^  {a)  denotes      /  \  ^ . 

Let  \t-a\  =  Qr,  so  that  0^6»<  1. 

Let  C  be  the  contour  formed  by  the  circle  \z-a\-B'r,  where 
0  <&  <\\  let  01$'  =  e^,  so  that  \t-a\-r\z-a\  =  e^<l  ;  then  by  §  21, 

2m  Jc  z  —  a\        z—  aJ 

inJcz-aV      z-a     {z-af    "      {z-af     (z-afiz-O' 
-J_    S     /"    /(^)  'i^   a    „v„  ,    1     /"   /(^)(^-a)""'    , 

•^^    '*^   ^2«jc  (^ -«)»+' (2-0     ' 


~  m=0  ^W  I 


where 


_ni\  f    f{z)  dz 
=/('«)  (c^),  by  §  22. 
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On  C,  \f{z)\  does  not  exceed  some  fixed ^  number  K,  since /(0)  is 
analytic  and,  afm'tiori,  continuous  on  C. 
Therefore 

1 27^^  jc  {z  -  af^'  (^  ~  0      T  ^tt  jc  \  [z  -  af^^  {z  -  Q  ""^ 

since  1 2;  —  C|  =  I  (^  -  «)  —  (C  —  «)  I  ^  I  ^  "~  ^  I  ~  1  ^  "  <^* I  • 

Now    lim  ^^/+V(1  -  6'i)  =  0,  since  0  ^  ^1  <  1  ;  and  therefore 

consequently /(^)=    lim    :S  — ^^(C-a)''^;    since   this   limit   exists   it 

n-^as  m—0  ^  • 

follows  that  the   series    2    ^  (^  - «)'"    is    convergent ;    and   it   has 

m=0  ^^• 

therefore  been  shewn  that  /  (0  can  be  expanded  into  the  convergent 
series  : 

where  „,„=/(-»)  («)  =  _.  j^  /li^^ . 

35.  Laurent's  Theorem.  Let  J\z)  be  a  /miction  of  z  which  is 
analytic  and  one-valued  at  all  points  inside  the  region  bounded  by  two 
oriented  concentric  circles  (F,  T'),  centre  a,  radii  r^,  r/  ivhere  r/  <  7\. 

Let  I  be  any  point  inside  T  and  outside  V  ;  thenfi^  can  be  expressed 
as  the  sum  of  two  convergent  series : 

+  b^  a- a)-'  +  b,  (C-a)-'  +  ...  +  b,,  {l-a)-^'  +  ..., 
where       a^  =  ^.  j^  0^. ,     &.  =  ^.  („  (^  -  ay-^fiz)  dz ; 

the  circles  C,  C  are  concentric  with  the  circles  r,  r'  and  are  of  radii 
r,  /  such  that  r/  <r'  <\t  —  a\<r  <r-^. 

^  See  note  4  on  p.  50. 
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Draw  a  diameter  A  BCD  of  the  circles  C,  C,  not  passing  through  t 
Let  C\,  Ci  be  the  semicircles  on  one  side  of  this  diameter,  while  Co,  C2 
are  the  semicircles  on  the  other  side. 


Then  (7i,  AB,  CV,  CD  can  be  oriented  to  form  a  contour  r^ ;  and 
Co,  DC,  Co',  BA  can  be  oriented  to  form  a  contour  r^;  it  is  easily  seen 
that  AB,  BA  have  opposite  orientations  in  the  two  contours,  as  do 
CD,  DC;  Ci,  C.  have  the  same  orientation  as  C ;  Ci,  C^  have 
opposite  orientations  to  C  ;  and  f{z)  is  analytic  in  the  closed  regions 
formed  by  Fj ,  To  and  their  interiors. 

Therefore  f  ^'^d. .  {   ^^\d.=  [J'^dz-  \   -^Jrf.; 

Jv,Z-C  JT^Z-t,  JcZ-i  JC'Z-Q 

the  integrals  along  BA,  AB  cancel,  and  so  do  those  along  CD,  DC. 

But,  by  §  21,     \    {-^J  dz  +  [   -fj^dz  =  2m/{0  ;      ' 
for  C  is  inside  one  of  the  contours  Fj,  T.,  and  outside  the  other. 

Therefore     /  (C)  =  3^.  /  -^-^^  dz  -  -^.  (  ^--^^  dz. 
2in  jc  z-Q  2Tri  Jc z-  C 


^TTi  Jc  c  — 4  Ztti  Jc  m=o  [^z  —  a] 

'^27riJc-^^'''(z-ar-^'(z-0 

)u=0  27ri  Jc  (^  -  «)        (^  -  t) 


76 


EXPANSIONS   IN   SERIES 


[CH.  VII 


By  the  arguments  of  §  34,  it  may  be  shewn  that  the  last  integral 
tends  to  zero  as  n-^^ ;  so  that  tr— .      —^^dz  can  be  expanded  into 


the  convergent  series   S   am  (t  -  a)' 

m=0 


In  like  manner 

1  ff(^) 


27^^  Jc  z~t, 


dz  = 


/«/i_i^r^ 


Since,  on  C", 


a 


C-a 


< 


1,  the  arguments  of  §  34  can  be  applied  to 


shew  that  the  last  integral  tends  to  zero  as  7i-^co  ;  so  that 

27ri  Jc  z-i 

00 

can  be  expanded  into  the  convergent  series   2   bm  {z  -  a)~^^ ;  that  is 

m=l 

to  say 


m==0 


m=l 


each  of  the  series  being  convergent. 
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HISTORICAL    SUMMARY 


§  36.     Definitions  of  analytic  functions. — i^  37.     Proofs  of  Cauchy's  theorem. 

36.  The  earliest  suggestion  of  the  theorem  to  which  Cauchy's 
name  has  been  given  is  contained  in  a  letter^  from  Gauss  to  Bessel 
dated  Dec.  18,  1811  ;  in  this  letter  Gauss  points  out  that  the  value  of 

/  .^~^  dx  taken  along  a  complex  path  depends  on  the  path  of  integration. 

The  earliest  investigation  of  Cauchy  on  the  subject  is  contained  in  a 
memoir^  dated  1814,  and  a  formal  proof  of  the  complete  theorem  is 
given  in  a  memoir^  published  in  1825. 

The  proof  contained  in  tliis  memoir  consists  in  proving  that  the 


variation  of  I      f(z)dz^  when  the  path  of  integration  undergoes  a 

J(AB) 

small  variation  (the  end-points  remaining  fixed),  is  zero,  provided  that 
f{z)  has  a  unique  continuous  differential  coefficient  at  all  points  on 
the  path  AB. 

The  following  is  a  summary  of  the  various  assumptions  on  which 
proofs  of  Cauchy's  theorem  have  been  based  : 

(i)     The  hypothesis  of  Goursat^ :  /'  {z)  exists  at  all  points  within 
and  on  C. 

(ii)     The  hypothesis  of  Cauchy^ :  /'  {z)  exists  and  is  contimwus. 

1  Brieficechsel  zwischen  Gauss  und  Bessel  (1880),  pp.  lo6-lo7. 

2  Oeuvres  completes,  ser.  i,  t.  1,  p.  402  et  seq. 

^  Memoire  sur  les  integrales  definies  prises  entre  des  limites  imaginaires. 
References  to  Cauchy's  subsequent  researches  are  given  by  Lindelof,  Calcul  de 
Residus. 

4  Transactions  of  the  American  Mathematical  Society,  vol.  i  (1900),  pp.  14-16. 

^  See  the  memoir  cited  above. 
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(iii)  An  hypothesis  equivalent  to  the  last  is  :  f{z)  is  uniformly 
difFerentiable ;  i.e.,  when  e  is  taken  arbitrarily,  then  a  positive  8,  inde- 
loendent  of  z  can  be  found  such  that  whenever  z  and  z  are  on  or  inside 

C and  \z  —z\'^h,  then 

\f{^)-f{z)-{z'~z)f{z)\^.\z-z\. 

In  the  language  of  Chapter  II,  this  inequality  enables  us  to  take 
squares  whose  sides  are  not  greater  than  8/^2  as  'suitable  regions.' 

(iv)  The  hypothesis  of  Eiemann"^ :  f{z)  =  P  +  iQ  where  P,  Q  are 
real  and  have  continuous  derivates  with  respect  to  ^  and  7/  such  that 

dP_dQ       ^Q,_JP 
d.x       oy  '       'dx         dy  ' 

These  hypotheses  are  effectively  equivalent,  but,  of  course,  (i)  is 
the  most  natural  starting-point  of  a  development  of  the  theory  of 
functions  on  the  lines  laid  down  by  Cauchy.  It  is  easy  to  prove  the 
equivalence^  of  (ii),  (iii)  and  (iv),  but  attempts  at  deducing  any  one 
of  these  three  from  (i),  except  by  means  of  Cauchy's  theorem  and  the 
results  of  §§  21-22,  have  not  been  successful ;  however,  it  is  easy 
to  deduce  from  §  22,  by  using  the  expression  for  /'  (z)  as  a  contour 
integral,  that,  if  (i)  is  assumed,  then  (ii)  is  true  in  the  interior  of  C. 

The  definition  of  Weierstrass  is  that  an  analytic  function  f(z) 
is  such  that  it  can  be  expanded  into  a  Taylor's  series  in  powers  oi  z  -a 
where  a  is  a  point  inside  C.  This  hj^othesis  is  simple  and  funda- 
mental in  the  Weierstrassian  theory  of  functions,  in  which  Cauchy's 
theorem  appears  merely  incidentally. 

37.  A  proof  of  Cauchy's  theorem,  based  on  hypothesis  (i),  requires 
Goursat's  lemma  (which  is  a  special  case  of  the  Heine-Borel  theorem) 
or  its  equivalent ;  the  apparent  exception,  a  proof  due  to  Moore ^ 
employs,  in  the  course  of  the  proof,  arguments  similar  to  those  by  which 
Goursat's  lemma  is  proved. 

The  hypotheses  (ii)  and  (iii)  are  such  as  to  make  it  easy  to  divide 
C  and  its  interior  into  suitable  regions. 

The  various  methods  of  proof  of  the  theorem  are  the  following : 

(i)  Goursat's  proof,  first  published  in  1884  [this,  in  its  earhest 
form^,  employs  hypothesis  (iii)],  is  essentially  that  given  in  this  work. 

^  Oeuvres  mathematiques  (1898),  Dissertation  inaugurals  (1851). 
"  The  equivalence  of  (ii)  and  (iii)  has  been  proved  in  §  20. 

8  Transactions  of  the  American  Mathematical  Society,  vol.  i  (1900),  pp.  499-506. 

9  Acta  Mathematica,  vol.  iv,  pp.  197-200  ;  see  also  his  Cours  d' Analyse,  t.  n. 
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(ii)     Cauchy's  proof  lias  already  been  described. 
(iii)    Riemaun's  prooP^  consists  in  transforming 

jiPda:  -Qd2j)  +  i  l(Qd.v  +  Pdij) 

into  a  double  integral,  by  using  Stokes'  theorem. 

(iv)  Moore's  proof  consists  in  assuming  that  the  integTal  taken 
round  the  sides  of  a  square  is  7iot  zero,  but  has  modulus  rj^ ;  the  square 
is  divided  into  four  equal  squares,  and  the  modulus  of  the  integTal 
along  at  least  one  of  these  must  be  ^^yju',  the  process  of  subdividing 
squares  is  continued,  giving  rise  to  at  least  one  limiting  point  C  inside 
every  square  >SV  of  a  sequence  such  that  the  modulus  of  the  integral 
along  >SV  is  not  less  than  -^o/-!''.  Assuming  that  /(c)  has  a  derivate  at 
^  it  is  proved  that  it  is  possible  to  find  vq  such  that,  when  v>  v^,  the 
modulus  of  the  integral  along  S^  is  less  than  W^".  This  is  the  contra- 
diction needed  to  complete  the  proof  of  the  theorem.  The  deduction 
of  the  theorem  for  a  closed  contour,  not  a  square,  may  then  be 
obtained  by  the  methods  given  above  in  §  17. 

Finally,  it  should  be  mentioned  that,  although  the  use  of  Cauchy's 
theorem  may  afford  the  simplest  method  of  evaluating  a  definite 
integral,  the  result  can  always  be  obtained  by  other  methods ;  thus 
a  di7'ect  use  of  Cauchy's  theorem  can  always  be  avoided,  if  desired, 
by  transforming  the  contour  integral  into  a  double  integral  as  in 
Kiemann's  proof     Further,  Cauchy's  theorem  cannot  be  employed  to 

evaluate  all  definite  integrals  ;  thus  /    e~^'^  dx  has  not  been  evaluated 

.'0 

except  by  other  methods. 

^^  See  the  dissertation  cited  above. 
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